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Abstract
We investigate further the recent proposal for the form of the Matrix theory action in
weak background fields. We perform DVV reduction to the multipleD0–brane action in
order to find the Matrix string theory action for multiple fundamental strings in curved
but weak NS–NS and R–R backgrounds. This matrix sigma model gives a definite
prescription on how to deal with R–R fields with an explicit spacetime dependence in
Type II string theory. We do this both via the 9 − 11 flip and the chain of T and S
dualities, and further check on their equivalence explicitly. In order to do so, we also
discuss the implementation of S–duality in the operators of the 2–dimensional world–
volume supersymmetric gauge theory describing the Type IIB D–string. We compare
the result to the known Green–Schwarz sigma model action (for one string), and use
this comparison in order to discuss about possible, non–linear background curvature
corrections to the Matrix string action (involving many strings), and therefore to the
Matrix theory action. We illustrate the nonabelian character of our action with an
example involving multiple fundamental strings in a non–trivial R–R flux, where the
strings are polarized into a noncommutative configuration. This corresponds to a
dielectric type of effect on fundamental strings.
April 2000
1 Introduction
The five known superstring theories as well as the low–energy 11–dimensional supergravity
are known to be related through a web of dualities, and it is believed that all these theories
are simply different limits of an underlying 11–dimensional quantum theory known as M–
theory, whose fundamental degrees of freedom are as yet unknown, but that can be defined
as the strong coupling limit of Type IIA string theory [1, 2]. Let us first recall thatM–theory
compactified on a circle is described by Type IIA string theory at finite string coupling. It
is by now a well known conjecture that M–theory compactified on a lightlike circle admits a
nonperturbative description in terms of the degrees of freedom of a collection of D0–branes
[3, 4, 5, 6, 7, 8].
Matrix theory encodes a great deal of information about the structure of both M–theory
and 11–dimensional supergravity (some reviews are [9, 10, 11]). One knows how to identify
supergravitons, membranes and fivebranes in Matrix theory [4, 5, 12], and the interactions
between these objects in Matrix theory have been found to agree with supergravity in a
variety of situations. In particular, for general Matrix configurations, it was shown in [13, 14]
that the supergravity potential between an arbitrary pair of M–theory objects arising from
the exchange of quanta with zero longitudinal momentum is exactly reproduced by terms in
the one–loop Matrix theory potential. These results were also used to describe a formulation
of Matrix theory in a general metric and 3–form background, via a matrix sigma model type
of action [14]. Such matrix sigma model actions had also been advocated for earlier in [15].
A different type of approach to the 3–form background is, e.g. [16].
A question that naturally arises is that if we have a formulation of Matrix theory in curved
background fields, that should somehow yield a matrix formulation of Type II string theory
in curved background fields, and in particular in the presence of R–R fields. Moreover, due
to the second quantized nature of the Matrix theory formalism, we should be able to obtain
in this way a description of multiple interacting strings in both NS–NS and R–R curved
backgrounds. This would be quite interesting, as even for a single fundamental superstring
the action in a general background including arbitrary R–R fields is not yet well understood.
Due to the relation between Type IIA string theory and M–theory, it is possible to
construct a matrix theory formulation of superstring theory which is known as matrix string
theory [17, 18, 19, 20, 21]. Such a formulation is achieved once one understands toroidal
compactifications of Matrix theory [22], for then the particular case of the S1 compactification
will lead to the matrix formulation of the Type IIA superstring – as M–theory compactified
on a circle yields the IIA theory, where the IIA string is obtained from the wrapped M2–
brane [23]. Recall that this matrix string theory is a supersymmetric gauge theory that not
only contains all of the DLCQ IIA superstring theory, but also contains extra degrees of
freedom which represent nonperturbative objects in string theory. These nonperturbative
degrees of freedom represent the inclusion of D–brane states, and also give us a prescription
to include nonperturbative corrections in calculations of diverse processes in perturbative
string theory.
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Because we know a great deal about Type IIA string theory, matrix string theory is
a very good laboratory to test Matrix theory. Of course ideally we would like to have
a microscopic definition of M–theory which would be covariant and defined in arbitrarily
curved backgrounds. But due to the nonabelian character of the theory such is not an easy
goal. Information from the abelian limit of the theory may then prove to be of great value in
trying to deal with such issues, and a precious source of information on this abelian limit is
undoubtably the Type II theory. In flat space the matrix string theory action has been lifted
from the cylinder to its branched coverings and a precise connection with the Green–Schwarz
action in light–cone gauge has been achieved [24, 25, 26, 27, 28, 29], with the interesting
result that the full moduli space of the IIA theory is recovered within matrix string theory
only in the large N limit. Scattering amplitudes have been reproduced within the matrix
string formalism in [30, 31], for reviews on several issues see [21, 32]. More recently, the issue
of a spacetime covariant formulation of matrix string theory has been addressed in [33], but
this is a matter which is far from settled.
This paper concerns the generalization of matrix string theory when in the presence of
weakly curved background fields. In particular, we want to address the question of how
to describe multiple interacting strings in NS–NS and R–R curved backgrounds. Indeed,
because it is known how to describe the linear couplings of Matrix theory to a curved 11–
dimensional background, we shall also be able to find the linear couplings of matrix string
theory to a curved 10–dimensional background. This could be of great interest not only
in trying to improve our knowledge of string theory in R–R backgrounds, but also when
comparing to the IIA theory in the abelian limit we could expect for new information on
how to construct Matrix theory in a general curved background. In summary, we are looking
for a matrix string sigma model type of action,
S = 1
2π
∫
dσdτ (
1
2
gIIAµν (X)I
µν
g + φ(X)Iφ +Bµν(X)I
µν
s + B˜µνλρστ (X)I
µνλρστ
5
+Cµ(X)I
µ
0 + C˜µνλρστξ(X)I
µνλρστξ
6 + Cµνλ(X)I
µνλ
2 + C˜µνλρσ(X)I
µνλρσ
4 ), (1)
and we shall precisely explain in this paper how to construct this action by specifying both the
I tensor couplings as well as the inclusion of spacetime dependence in the (weak) background
fields. The explicit form of all these tensor couplings is presented in section 4.2.
We shall begin in section 2 with a brief review of the work done for the case of Matrix
theory in weak background fields [13, 14, 34, 35]. We shall recall that there is a definite
proposal on how to supplement the flat space Matrix action with linear couplings between
the background fields – the supergraviton, the membrane and the fivebrane – and the re-
spective Matrix descriptions for the supergravity stress–energy tensor, membrane current
and fivebrane current. Moreover we shall also recall that through the Sen–Seiberg limiting
procedure, this action can be reduced to an action for multiple D0–branes in weakly curved
Type IIA background fields. By T–duality this can be extended to any Type II D–brane.
Then, in section 3 we present a brief review of the Dijkgraaf–Verlinde–Verlinde (DVV) re-
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duction of Matrix theory to matrix string theory [19], via both the so–called 9 − 11 flip
and also the T–S–T chain of dualities. This will be of fundamental use in the sections that
follows, as we shall be generalizing that procedure to the curved background situation.
In the following sections we perform the DVV reduction to the multiple D0–brane action
in order to find the matrix string theory action for multiple fundamental strings in curved
but weak NS–NS and R–R backgrounds. As we just said, this is a generalization of the
work by DVV. These sections deals with a great deal of algebra, and we will be schematic
in presenting our results. The matrix sigma model obtained in this way gives a definite
prescription on how to deal with R–R fields with an explicit spacetime dependence in Type
II string theory. Due to the nonabelian nature of the action, it also gives a second quantized
description of Type II string theory in such backgrounds. We shall obtain the matrix string
sigma model both via the 9 − 11 flip (described in section 4) and the chain of T and S
dualities (described in section 5), and further check their equivalence explicitly by obtaining
the same results in both cases. In order to do so, we will need to discuss in section 5 the
implementation of S–duality in the composite operators of the 2–dimensional world–volume
supersymmetric gauge theory describing the Type IIB D–string. We shall obtain the S–
duality transformations for the world–volume fields from the equivalence with the 9−11 flip,
and we shall see that these transformation properties are indeed quite simple, as should be
expected.
In section 6 we compare the result to the known Green–Schwarz sigma model action (for
one string) [36]. This is done by extracting the free string limit (the IR limit of the gauge
theory) of the matrix string theory action. This will be a qualitative match only, as we shall
not construct the precise lifting of the matrix string action to the Green–Schwarz action. We
then use this comparison in order to discuss about possible, non–linear background curvature
corrections to the matrix string action (involving many strings), and therefore to the Matrix
theory action. Again this is a qualitative analysis, but it gives us further insight into the goal
of constructing Matrix theory in arbitrary curved backgrounds. Then, in section 7, we briefly
discuss the exponentiation of the noncommutative vertex operators we obtained in order to
build coherent states of fundamental strings and so obtain the full non–linear matrix string
sigma model. As such a construction is not clear at this stage, we turn to an illustration of the
nonabelian character of our action with an example, namely multiple fundamental strings
in a non–trivial R–R flux, where the strings are polarized into nonabelian configurations
due to the background field. This means that Myers’ dielectric effect for D–branes has an
analogue for fundamental strings. We also speculate on a possible relation between this
effect and string theory noncommutative background geometries, where this could provide a
very interesting example of target space noncommutativity in the presence of R–R fields (as
opposed to recent discussions of world–volume noncommutativity in the presence of NS–NS
fields, e.g., [10, 37, 38, 39, 40]). We conclude in section 8 with some open problems for future
research.
3
2 Matrix Theory in Weakly Curved Backgrounds
We begin with a short review of the results obtained for Matrix theory in weakly curved
background fields [13, 14], and also for the action of multiple D0–branes in weak Type IIA
backgrounds [34] as well as for the action of multiple Dp–branes in Type II weak background
fields [35].
2.1 Results for Matrix Theory
In this section we briefly review the results in [13, 14] dealing with the construction of a
Matrix theory action in weak M–theory backgrounds. As we shall see, due to the 9 − 11
flip in the DVV construction of matrix string theory, we will have particular interest in the
tensors that appear in this Matrix theory action.
The proposal in question actually concerns the terms in the action of Matrix theory which
are linear in the background fields [14]. If we consider a general Matrix theory background,
with metric gIJ = ηIJ +hIJ and 3–form field AIJK , then the linear effects of this background
can be described by supplementing the flat space Matrix theory action,
SF lat =
1
R
∫
dt Tr
1
2
DtX
iDtX
i − 1
2
∑
i<j
[X i, Xj]2 − 1
2
ΘDtΘ+
1
2
Θγi[Xi,Θ]
 , (2)
with additional linear coupling terms of the form,
SWeak =
∫
dt
∞∑
n=0
∑
i1,...,in
1
n!
{1
2
T IJ(i1···in)∂i1 · · ·∂inhIJ(0) + JIJK(i1···in)∂i1 · · ·∂inAIJK(0)
+M IJKLMN(i1···in)∂i1 · · ·∂inA˜IJKLMN(0) + Fermionic Terms}, (3)
where A˜ is the dual 6–form field which satisfies at linear order,
dA˜ = ⋆ dA. (4)
The previous matrix expressions T IJ(i1···in), JIJK(i1···in) and M IJKLMN(i1···in) are the Matrix
theory forms of the multipole moments of the stress–energy tensor, membrane current and
5–brane current of 11–dimensional supergravity. Explicit forms for the bosonic parts of these
moments were first given in [13], and those results were later extended to quadratic fermionic
terms (and also some quartic fermionic terms) in [14]. The complete results in [13, 14] are
reproduced in the Appendix.
With these definitions the previous expressions yield a formulation of Matrix theory
in a weak background metric to first order in hIJ , the 3–form AIJK , and all their higher
derivatives. It was moreover argued in [14] that if the Matrix theory conjecture is true
in flat space, then this formulation must be correct at least to order O(∂4h, ∂4A). It was
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also conjectured in that paper that this form may work to all orders in derivatives of the
background fields, and in a general background. One should observe however that it is not
known how to incorporate dependence of the background on the compact coordinate X−.
2.2 Results for Multiple D–branes
We proceed by reviewing how the previous results can be used to construct actions for
multiple D0–branes [34] and in general for multiple Dp–branes [35] in Type II string theory,
in the approximation of weak background fields. Of particular interest to our goal in this
paper is the case of theD0–brane action, due to the duality sequence in the DVV construction
of matrix string theory and its associated 9− 11 flip.
To start, we shall recall from [34] how one obtains the action for multiple D0–branes in
background fields, as this will later prove its interest when we try to do the same for the
matrix string action. We begin with M–theory on a background metric, gIJ = ηIJ+hIJ , in a
frame where there is a compact coordinate X− of size R, which becomes lightlike in the flat
space limit, gIJ → ηIJ . From the Sen–Seiberg limit [7, 8] we know that this theory can be
described as a limit of a family of spacelike compactified theories. If we define an M˜–theory
with background metric g˜IJ = ηIJ+ h˜IJ , in a frame with a spacelike compact coordinate X
11
of size R11, then the DLCQ limit of the originalM–theory is found by boosting the M˜–theory
along X11, and then taking the limit R11 → 0. Knowing the boost we can trivially Lorentz
relate the metric g˜IJ in the M˜–theory with the metric gIJ in the M–theory. Moreover, in
the DLCQ description the M–theory is in light–cone coordinates, X± = 1√
2
(X0±X11), and
so it is easy to relate the metric g˜IJ to the light–cone metric gIJ .
Of course our final goal is more than we have just obtained. We would like to relate
the Type IIA string theory background fields to the DLCQ M–theory ones. But this is now
straightforward. M˜–theory on a small spacelike circle of radius R11 is known to be equivalent
to Type IIA string theory with background fields given to leading order by,
hIIAµν = h˜µν +
1
2
ηµν h˜11 11,
Cµ = h˜11 µ,
φ =
3
4
h˜11 11. (5)
All we have left to do is to relate the h˜IJ metric to the hIJ one through the previously
explained procedure. In order to describe nontrivial background antisymmetric tensor fields,
one should also include the connections between the IIA background fields and theM–theory
background 3–form field. The action for multiple D0–branes can now be obtained by direct
comparison with the one for Matrix theory just described in the previous subsection. Indeed
[34], one can first write the D0–brane action in terms of some unknown quantities coupling
to the background fields. These quantities will be denoted by Ix and will couple linearly to
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each of the background fields, so that to leading order the action for N D0–branes is written
as:
SD0−branes = SF lat +
∫
dt
∞∑
n=0
1
n!
{1
2
(∂k1 · · ·∂knhIIAµν )Iµν(k1···kn)h + (∂k1 · · ·∂knφ)I(k1···kn)φ
+ (∂k1 · · ·∂knCµ)Iµ(k1···kn)0 + (∂k1 · · ·∂knC˜µνλρστξ)Iµνλρστξ(k1···kn)6
+ (∂k1 · · ·∂knBµν)Iµν(k1···kn)s + (∂k1 · · ·∂knB˜µνλρστ )Iµνλρστ(k1···kn)5
+ (∂k1 · · ·∂knCµνλ)Iµνλ(k1···kn)2 + (∂k1 · · ·∂knC˜µνλρσ)Iµνλρσ(k1 ···kn)4 }. (6)
Replacing in this action the background fields of the Type IIA string theory by the
background fields of DLCQ M–theory according to the previous relations, one can then
compare the previous action for D0–branes to the Matrix theory action and deduce the
expressions for the string theory couplings Ix. These are [34]:
I00h = T
++ + T+− + (I00h )8 +O(X12),
I0ih = T
+i + T−i +O(X10),
I ijh = T
ij + (I ijh )8 +O(X12),
Iφ = T
++ − 1
3
(T+− + T ii) + (Iφ)8 +O(X12),
I0is = 3J
+−i +O(X8),
I ijs = 3J
+ij − 3J−ij +O(X10),
I00 = T
++,
I i0 = T
+i,
I0ij2 = J
+ij +O(X10),
I ijk2 = J
ijk +O(X8),
I0ijkl4 = 6M
+−ijkl +O(X8),
I ijklm4 = −6M−ijklm +O(X10),
I0ijklmn6 = S
+ijklmn +O(X10),
I ijklmnp6 = S
ijklmnp +O(X12). (7)
By T–duality of background supergravity fields and T–duality of world–volume fields, the
previous action for N D0–branes can be transformed into an action for N Type II Dp–
branes, as was discussed in [35]. This also allows for a discussion of nonabelian terms in
the Born–Infeld action. For further discussion we refer the reader to the original references
[34, 35].
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3 Matrix String Theory
According to the DVV formulation of matrix string theory [19], one can reduce the Matrix
theory action to an action for IIA matrix strings in two different ways. One way is by
performing the so–called 9−11 flip, where one exchanges the role of the 9th and 11th directions
of M–theory. Another way is via a set of dualities on the background fields. Moreover, the
coordinate flip should clearly be equivalent to this specific chain of dualities. In here, one
starts by T–dualizing and then takes an S–duality followed by another T–duality. The
starting point is the Type IIA theory, with N11 yielding the D–particle number. After the
T–duality along RIIA9 one reaches Type IIB, where N11 now equals the D–string number.
The Type IIB S–duality leads to N11 equaling the F–string number, and the final T–duality
along RIIB9 leads back to Type IIA, with N11 now being equal to the F–string momenta.
In order to see that this exactly matches the simple 9−11 flip on the compact coordinates,
let us follow these dualities with a slightly greater detail [19]. If we compactify M–theory
on S1R9 × S1R11 , with R11 the spacelike compact direction which becomes lightlike in the
Sen–Seiberg limit, we will have the parameters,
R11 = gsℓs, ℓ
3
P = gsℓ
3
s, (8)
and also R9 for the remaining spacelike compact direction. The 9 − 11 flip simply leads to
the IIA theory with parameters,
R9 = g
′
sℓs, ℓ
3
P = g
′
sℓ
3
s, (9)
where now the remaining spacelike compact direction is R11. On the other hand, given our
starting point and T–dualizing along RIIA9 , one obtains the following Type IIB parameters,
gIIBs =
ℓs
RIIA9
gIIAs =
ℓs
RIIA9
R11
ℓs
=
R11
RIIA9
, (10)
RIIB9 =
α′
RIIA9
=
ℓ2s
RIIA9
. (11)
A further IIB S–duality leads to
g′IIBs =
1
gIIBs
=
RIIA9
R11
, (12)
R′IIB9 =
1
gIIBs
RIIB9 =
(
R11
RIIA9
)−1
ℓ2s
RIIA9
. (13)
In the expressions above for the radius, recall that under T–duality it is the Einstein frame
metric that is invariant. The string frame metric gets transformed with a gs factor. Finally,
we finish the chain of dualities by T–dualizing back to the IIA theory along R′IIB9 . We end
up with the parameters,
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g′IIAs =
ℓs
R′IIB9
g′IIBs =
R9
ℓs
, (14)
R′IIA9 =
ℓ2s
R′IIB9
= R11, (15)
which are exactly the same as the ones obtained via the 9− 11 flip.
Given that, as we have just seen, the chain of dualities is equivalent to the 9 − 11 flip,
we shall now obtain the matrix string action from the Matrix action by following the most
straightforward path, i.e., we shall simply perform the flip to the Matrix theory action [19].
With the dimensionfull parameters made explicit, in order to produce the correct dimensions
for the fields, the Matrix action in a flat background is written as,
S =
∫
dt Tr
 1
2R
X˙iX˙i +
RM6P
8π2
∑
i<j
[X i, Xj]2 +
iM3P
4π
θT θ˙ − RM
6
P
8π2
θTγi[X
i, θ]
 , (16)
with R = 2πℓ3P and MP is the Planck mass.
We further consider the theory compactified along the 9th direction. Therefore, defining
Rˆ9 =
α′
R9
, one T–dualizes according to the standard procedure and obtains:
S ′ =
∫
dt
1
2πRˆ9
∫ 2πRˆ9
0
dxˆ Tr (
1
2R
X˙iX˙i +
1
2R
(2πα′)2A˙2 +
RM6P
8π2
∑
i<j
[X i, Xj]2
−RM
6
P
8π2
(2πα′)2(DxˆX i)2 +
iM3P
4π
θT θ˙ − RM
6
P
8π2
θTγi[X
i, θ]− iRM
6
P
8π2
(2πα′)θTγ9Dxˆθ).
The implementation of the 9 − 11 flip is quite simple, as one just has to notice the change
in parameters so that R9 = gsℓs and Rˆ9 =
ℓs
gs
. Consequently,
S ′ =
∫
dt
gs
2πℓs
∫ 2π ℓs
gs
0
dxˆ Tr (
1
2R
X˙iX˙i +
2π2ℓ4s
R
A˙2 +
RM6P
8π2
∑
i<j
[X i, Xj]2
−1
2
RM6P ℓ
4
s(DxˆX
i)2 +
iM3P
4π
θT θ˙ − RM
6
P
8π2
θTγi[X
i, θ]− iRM
6
P ℓ
2
s
4π
θTγ9Dxˆθ).
One can rescale the world–sheet coordinates, from (xˆ, t) to (σ, τ), such that 0 < σ < 2π
and so that the coordinates on the cylinder become dimensionless. For that one changes
xˆ = ℓs
gs
σ (and therefore Dxˆ =
gs
ℓs
D 1). We also have to rescale time on the world-sheet
t = ℓ
2
s
R
τ . Moreover, we shall deal with dimensionless background target fields such that they
will be measured in string units, i.e., rescale (X, θ) to (ℓsX, ℓsθ). All this done, we are left
with the rescaled action,
1Throughout, derivatives with no explicit subscript shall refer to the cylinder world–sheet index σ, i.e.,
D ≡ Dσ and ∂ ≡ ∂σ.
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S ′ =
1
2π
∫
dτdσ Tr (
1
2
X˙iX˙i + 2π
2g2sA˙
2 +
1
8π2g2s
∑
i<j
[X i, Xj]2
−1
2
(DX i)2 +
i
4πR9
θT θ˙ − 1
8π2gsR9
θTγi[X
i, θ]− i
4πR9
θTγ9Dθ).
In order to cast this action into a more familiar looking one, we simply have to perform one
further rescaling of the background fermions, θ →√4πR9θ, and change the notation for the
string coupling constant as gs → gs2π . Then the 9−11 flip is concluded and we have obtained
the DVV reduction of the Matrix theory action,
S =
1
2π
∫
dτdσ Tr (
1
2
((X˙i)
2 − (DX i)2) + 1
2g2s
∑
i<j
[X i, Xj]2 +
1
2
g2sA˙
2
+i(θT θ˙ − θTγ9Dθ)− 1
gs
θTγi[X
i, θ]). (17)
This action is second quantized in the sense that it describes multiple interacting strings.
One can further consider the special case of free strings, recovered in the infra–red limit
with gs = 0. In this limit the above two dimensional gauge theory becomes strongly coupled
– as the Yang–Mills gauge coupling is related to the string coupling as gYM ∼ 1gs – and a
non–trivial conformal field theory will describe the IR fixed point [19]. One can observe that
in this limit, gs → 0, the world–sheet gauge field drops out, and moreover all matrices are
diagonalized, i.e., they will commute,
[X i, Xj] = 0, [X i, θ] = 0. (18)
In this conformal field theory limit the previous Matrix string action reduces to,
S =
1
2π
∫
dτdσ
(
1
2
(∂µX
i)2 + iθTρµ∂µθ
)
, (19)
where {µ} are world–sheet indices. This action can be exactly mapped to the light–cone
Green-Schwarz action for the Type II superstring [24, 25, 26, 27, 28].
We have gone through a lengthy review of the DVV reduction, in order to set pace
and notation for the section that follows. In there, we shall follow the same procedure
applied to the full set of multipole moments of the 11–dimensional supercurrents for the
stress tensor T IJ , membrane current JIJK and fivebrane current M IJKLMN . These “DVV
reduced” tensors will be the basis for the matrix string theory action in a weakly curved
background.
4 Reduction via the 9–11 Flip
In order to write down the matrix string theory action in weak background fields, one needs
to know the DVV reduction of the Matrix theory stress tensor, membrane current and 5–
brane current. This should be clear from the fact that the matrix string theory action is
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obtained via a DVV reduction of the Matrix theory action (as explained in the previous
section), and the fact that in weak background fields the Matrix theory action is constructed
precisely with the use of these tensors and currents (as explained in section 2, in particular in
expression (3)). We will begin in here by applying the DVV reduction using the 9− 11 flip,
just as described previously. Later, we shall look at the sequence of dualities, and compare
both procedures.
Let us start by specifying the conventions for the following of this section. Time deriva-
tives are taken with respect to Minkowski time t. All expressions have been written in a
gauge with A0 = 0. Gauge invariance can be restored by replacing X˙ with DtX . Indices
i, j, . . ., run from 1 through 9, while indices a, b, . . ., run from 0 through 9. In these expres-
sions we use the definitions F0i = X˙
i, Fij = i[X
i, Xj]. A Matrix form for the transverse
5–brane current components M+ijklm,M ijklmn is as yet unknown. There are also fermionic
components of the supercurrent which couple to background fermion fields in the supergrav-
ity theory. We will not discuss these couplings in this paper, but the Matrix theory form of
the currents is determined in [14]. Moreover, there is also a 6–brane current appearing in
Matrix theory related to nontrivial 11–dimensional background metrics.
4.1 Matrix Theory Tensors
We shall briefly describe the DVV reduction of the first component of the stress tensor,
referring the specifics to the full description in the previous section. Then, we shall simply
present the results for the other components in a schematic form (in the Appendix).
The zeroth moment of the T++ component of the Matrix stress tensor is given by,
T++ =
1
R
STr (1 ) , (20)
where STr indicates a trace which is symmetrized over all orderings of terms of the forms
Fab, θ and [X
i, θ]. We shall denote by the same name, T++, the time integrated component
which appears in the curved Matrix theory action. It is to this integrated term that we will
apply the DVV reduction. In this term there is no need to introduce explicit dimensionfull
parameters – there are no background fields – but we shall do it automatically in all the
following terms, just as we did for the Matrix theory action in the previous section. As
the theory is further compactified along the 9th direction, we T–dualize to obtain, after the
9− 11 flip,
T++ =
∫
dt
1
R
gs
2πℓs
∫ 2π ℓs
gs
0
dxˆ STr (1 ) . (21)
Rescaling of world–sheet coordinates, background fields, and coupling constants (most of
them trivial for this component), we are left with the final result,
T++ =
1
2π
(
ℓs
R
)2 ∫
dσdτ STr (1 ) . (22)
10
Moreover, we shall later be interested in the conformal field theory limit of these tensors.
So, we further observe that the free string limit can be easily taken as,
lim
gs→0
T++ = T++. (23)
We can proceed along the same line for the following components. The zeroth moment
of the T+i component of the Matrix stress tensor is given by,
T+i =
1
R
STr
(
X˙i
)
. (24)
Under T–duality for the 9− 11 flip, one obtains for i 6= 9,
T+i =
∫
dt
1
R
gs
2πℓs
∫ 2π ℓs
gs
0
dxˆ STr
(
X˙i
)
. (25)
After the needed rescalings of world–sheet coordinates, background fields, and coupling con-
stants, we are left with the final result,
T+i =
1
2π
(
ℓs
R
)∫
dσdτ STr
(
X˙i
)
. (26)
As to the free string limit, it can be taken as,
lim
gs→0
T+i = T+i. (27)
Under T–duality for the 9− 11 flip, one obtains for i = 9,
T+9 =
∫
dt
1
R
gs
ℓs
∫ 2π ℓs
gs
0
dxˆ STr
(
ℓ2sA˙
)
. (28)
After the needed rescalings of world–sheet coordinates, background fields, and coupling con-
stants, we are left with the final result,
T+9 =
1
2π
(
ℓs
R
) ∫
dσdτ STr
(
gsA˙
)
. (29)
As to the free string limit, it can be taken as,
lim
gs→0
T+9 = 0. (30)
The procedure is always the same, for all the components. It should be clear to the
reader how to obtain all the results, which are presented schematically in the Appendix. A
few comments can be made, about the structures we have derived. First, as was trivially
expected, the string coupling appears as expected, i.e., a factor of gs for each factor of A˙, and
factor of 1
gs
for each factor of [X,X ], or for each factor of [X, θ]. Moreover, every tensor (and
the action in section 3, also) has an overall normalization factor of 1
2π
. Second, and more
importantly, we observe that if one counts operator insertions of background coordinates
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into the currents as X˙ , A˙, θ, [X,X ] and [X, θ] each counting as one operator insertion, then
the order of the currents depends on the number of insertions as follows. For zero insertions,
it is order O = ( ℓs
R
)2; for one insertion, it is order O = ( ℓs
R
); for two insertions, it is order
O = 1; for three insertions, it is order O = (R
ℓs
); for four insertions, it is order O = (R
ℓs
)2;
and so on, for n insertions it is order O = (R
ℓs
)n−2.
4.2 Matrix String Theory Tensors
We have thus performed the analysis of the Matrix theory expressions for the stress tensor,
the membrane current and the 5–brane current. As previously explained in section 2, one
can obtain the matrix string theory action in terms of other tensors: the sources Ip of Dp–
brane currents for p = 2n, the sources Is and I5 associated with fundamental string and
NS5–brane currents respectively, and also the sources Ih and Iφ of background metric and
background dilaton fields. These currents I can moreover be expressed as linear combinations
of the Matrix theory expressions for T , J and M . In previous work, the results for the
lowest dimension operators appearing in the monopole (integrated) D0–brane currents were
obtained [14, 34, 35].
Now, because of the 9 − 11 flip, we are dealing with M–theory on spacelike R9 instead
of M–theory on spacelike R11 as before. This means that the I tensors are not necessarily
related to the T , J andM tensors in the same way as in the case of the D0–brane action that
was described briefly in section 2. We begin by addressing such a question, in order to derive
the correct expressions for the I linear tensor couplings. The original M–theory where the
D0–brane couplings were derived was spacelike compactified along R11, so that in light–cone
coordinates we would be dealing with X± ∼ X0 ± X11 and a further compact coordinate
X9. With the 9− 11 flip we are now led to an Mˆ–theory compactified along R9, and where
in light–cone gauge the coordinates are now Xˆ± ∼ Xˆ0 ± Xˆ9 and the compact coordinate
Xˆ11. Clearly we have two frames, the “11” frame in the original M–theory, and the “9”
frame in the flipped Mˆ–theory. The relations we presented briefly in section 2 concerning
the relation between the I tensors and the Matrix theory tensors T , J and M , are still valid
in the flipped “9” frame, but now relating the I tensors to the Matrix tensors in this frame,
i.e., Tˆ , Jˆ and Mˆ . If we then relate these “9” frame Matrix tensors back to the “11” frame
Matrix tensors, we will be able to express the matrix string theory couplings I in terms of
the just derived DVV reduced Matrix tensors T , J andM . So, all one needs to do is a simple
change of coordinates.
To begin with a simple example, let us look at the I ijs component of the matrix funda-
mental string current, which is given by:
I ijs ∼ Jˆ+ij − Jˆ−ij . (31)
This expression holds in the “9” frame. Relating the Jˆ tensor to the J tensor in the “11”
frame, one obtains,
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I ijs ∼ Jˆ+ij − Jˆ−ij ∼ J9ij . (32)
On the other hand, at the level of background fields, one knows how to relate the NS 2–form
Bµν to theM–theory 3–form AIJK , via Bij ∼ A9ij , where 9 is the spacelike compact direction
involved in the Sen–Seiberg limit. The coupling we have just derived above is then precisely
what one would expect.
The procedure is always the same, and it should be straightforward for the reader to
reproduce the results, which we now present schematically. Observe that as we change from
the “9” frame to the “11” frame, there is a mixing of different orders in the currents, i.e.,
there will be tensors in different powers of O
(
(R
ℓs
)n−2
)
. We will neglect some of these tensors
in the following expressions, and only keep the orders of interest to us. The components of
the matrix string current associated with the background metric field are:
I00h = Tˆ
++ + Tˆ+− + (I00h )8 +O(Xˆ12) = T++ + T+− + · · ·
=
1
2π
∫
dσdτ STr (
(
ℓs
R
)2
1 +
1
2
X˙i
2
+
1
2
(DX i)2 +
1
2
g2sA˙
2 − 1
2g2s
∑
i<j
[X i, Xj]2
+
1
gs
θγi[X
i, θ] + iθγ9Dθ) + . . . ,
I0ih = Tˆ
+i + Tˆ−i +O(Xˆ10) = T+i + T−i + · · ·
=
1
2π
∫
dσdτ STr {
(
ℓs
R
)
X˙i +
(
R
ℓs
)
[
1
2
X˙i(X˙j)
2 +
1
2
g2sX˙iA˙
2 − 1
2g2s
X˙i
∑
j<k
[Xj , Xk]2
+
1
2
X˙i(DX
j)2 − 1
g22
[X i, Xj][Xj , Xk]X˙k −DX iDXkX˙k + i[X i, Xj]DXjA˙
− 1
2gs
θαX˙k[Xj, θβ ]{γkδij + γiδjk − 2γjδki}αβ − 1
2
A˙θγ9[Xi, θ] + iX˙iθγ
9Dθ
− i
2
gsA˙θγ
iDθ − i
4g2s
θα[X
k, Xj][X l, θβ ]{γ[ikjl] + 2γ[jl]δki + 4δkiδjl}αβ
− 1
2gs
θαDX
k[Xj , θβ]{γ[ik9j] + γ[9j]δki}αβ + 1
4gs
θα[X
k, Xj]Dθβ{γ[ikj9] + 2γ[j9]δki}αβ
−iDX iθDθ + · · ·] }+ . . . ,
I ijh = Tˆ
ij + (I ijh )8 +O(Xˆ12) = T ij + · · ·
=
1
2π
∫
dσdτ STr (X˙iX˙j −DX iDXj − 1
g2s
[X i, Xk][Xk, Xj]
− 1
2gs
θγi[Xj, θ]− 1
2gs
θγj [Xi, θ]) + . . . , (33)
where (I00h )8 =
3
2
Tˆ−− + · · · and (I ijh )8 = 2Tˆ−− + · · ·, and we know the matrix string form of
Tˆ−− from (80). The conformal field theory limit of these tensors is simply:
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lim
gs→0
I00h =
1
2π
∫
dσdτ STr
(ℓs
R
)2
1 +
1
2
X˙i
2
+
1
2
(∂X i)2 + iθγ9∂θ
 + . . . ,
lim
gs→0
I0ih =
1
2π
∫
dσdτ STr (
(
ℓs
R
)
X˙i +
(
R
ℓs
)
{1
2
X˙i(X˙j)
2 +
1
2
X˙i(∂X
j)2 − ∂X i∂XkX˙k
+iX˙iθγ
9∂θ − i∂X iθ∂θ}) + . . . ,
lim
gs→0
I ijh =
1
2π
∫
dσdτ STr
(
X˙iX˙j − ∂X i∂Xj
)
+ . . . . (34)
The Iφ matrix string current associated to the dilaton is given by,
Iφ = Tˆ
++ − 1
3
(Tˆ+− + Tˆ ii) + (Iφ)8 +O(Xˆ12) = T++ + 1
3
(T+− + T ii) + · · ·
=
1
2π
∫
dσdτ STr
(ℓs
R
)2
1 +
1
2
X˙i
2 − 1
2
(DX i)2 +
1
2
g2sA˙
2 +
1
2g2s
∑
i<j
[X i, Xj]2

+ . . . , (35)
where (Iφ)8 = −12 Tˆ−− + · · · and we know the matrix string form of Tˆ−− from (80). This
current has the following conformal field theory limit,
lim
gs→0
Iφ =
1
2π
∫
dσdτ STr
(ℓs
R
)2
1 +
1
2
X˙i
2 − 1
2
(∂X i)2
+ . . . . (36)
The components of the matrix fundamental string current are:
I0is = 3Jˆ
+−i +O(Xˆ8) = 3J+i9 + 3J−i9 + · · ·
=
1
2π
∫
dσdτ STr (−1
2
(
ℓs
R
)
DX i +
(
R
ℓs
)
{1
2
X˙ iX˙kDXk − i
2
A˙X˙k[Xk, X i] +
g2s
4
A˙2DX i
−1
4
(X˙k)2DX i − 1
4g2s
DX i
∑
k<l
[Xk, X l]2 − 1
4
DX i(DXk)2
− 1
2g2s
[X i, Xk][Xk, X l]DX l +
1
4gs
θαX˙k[X
m, θβ ]{γ[ki9m] + γ[9m]δki}αβ
−1
4
A˙θα[X
m, θβ]{γ[im] + 2δim}αβ + i
2
X˙ iθDθ − i
4
A˙θγ[i9]Dθ
+
3i
4g2s
θα[X
k, X l][Xm, θβ]{γ[9kl]δmi + 2γ[li9]δkm + 2γ9δilδkm}αβ
− 3
2gs
DXkθγk[X i, θ]− 3
2gs
DXkθγi[Xk, θ]
+
3i
4gs
θα[X
k, X l]Dθβ{γ[ikl] + 2γlδik}αβ − iDX iθγ9Dθ + · · ·}) + . . . ,
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I ijs = 3Jˆ
+ij − 3Jˆ−ij +O(Xˆ10) = 3J9ij + · · ·
=
1
2π
∫
dσdτ STr
(
−1
2
X˙ iDXj +
1
2
X˙jDX i − i
2
A˙[X i, Xj] +
1
4gs
θγ[ij9l][Xl, θ]
)
. (37)
The conformal field theory limit of these tensors is:
lim
gs→0
I0is =
1
2π
∫
dσdτ STr (−1
2
(
ℓs
R
)
∂X i +
(
R
ℓs
)
{1
2
X˙ iX˙k∂Xk
−1
4
(X˙k)2∂X i − 1
4
∂X i(∂Xk)2 +
i
2
X˙ iθ∂θ − i∂X iθγ9∂θ}) + . . . ,
lim
gs→0
I ijs =
1
2π
∫
dσdτ STr
(
−1
2
X˙ i∂Xj +
1
2
X˙j∂X i
)
+ . . . . (38)
Let us now move to the R–R fields. The components of the matrix string D0–brane
current are:
I00 = Tˆ
++ = T+9 + T−9 + · · ·
=
1
2π
∫
dσdτ STr (
(
ℓs
R
)
gsA˙+
(
R
ℓs
)
{1
2
gsA˙(X˙ i)
2 +
1
2
g3sA˙
3 − 1
2gs
A˙
∑
i<j
[X i, Xj]2
− i
gs
DX i[X i, Xj]X˙j − 1
2
gs(DX
i)2A˙− 1
2gs
X˙ iθγ9[X i, θ] + A˙θγi[X i, θ]
− i
2
X˙ iθγiDθ − i
4g2s
[X i, Xj]θγ[9ijk][Xk, θ] +
1
2gs
θαDX
i[Xj , θβ]{γ[ij] + 2δij}αβ
+
i
2
DX iθγ[i9]Dθ + · · ·}) + . . . ,
I i0 = Tˆ
+i = T 9i + · · ·
=
1
2π
∫
dσdτ STr
(
gsX˙iA˙+
i
gs
[X i, Xk]DXk − i
2
θγiDθ − 1
2gs
θγ9[Xi, θ]
)
+ . . . .(39)
With the conformal field theory limit:
lim
gs→0
I00 =
1
2π
(
R
ℓs
) ∫
dσdτ STr
(
− i
2
X˙ iθγi∂θ +
i
2
∂X iθγ[i9]∂θ
)
+ . . . ,
lim
gs→0
I i0 =
1
2π
∫
dσdτ STr
(
− i
2
θγi∂θ
)
+ . . . . (40)
Observe that these expressions for the D0–brane current are exact in the hatted frame, unlike
all the other expressions for the matrix string theory currents, which are given up to higher
order terms in the coordinate fields, O(Xˆn).
The components of the matrix string theory D2–brane current are:
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I0ij2 = Jˆ
+ij +O(Xˆ10) = J+ij + J−ij + · · ·
=
1
2π
∫
dσdτ STr (−
(
ℓs
R
)
i
6gs
[X i, Xj] +
(
R
ℓs
)
{ i
6gs
X˙ iX˙k[Xk, Xj]
− i
6gs
X˙jX˙k[Xk, X i]− 1
6
gsA˙X˙ iDX
j +
1
6
gsA˙X˙jDX
i
− i
12gs
(X˙k)2[X i, Xj]− i
12
gsA˙
2[X i, Xj]− i
12g3s
[X i, Xj]
∑
k<l
[Xk, X l]2
+
i
12gs
[X i, Xj](DXk)2 − i
6g3s
[X i, Xk][Xk, X l][X l, Xj]− i
6gs
DX iDXk[Xk, Xj]
+
i
6gs
DXjDXk[Xk, X i] +
1
12gs
θαX˙k[X
m, θβ]{γ[kijm] + γ[jm]δki − γ[im]δkj
+2δjmδki − 2δimδkj}αβ
+
1
12
A˙θγ[9ijm][Xm, θ] +
i
12
θαX˙kDθβ{γ[kij9] + γ[j9]δki − γ[i9]δkj}αβ
+
i
4g2s
θα[X
k, X l][Xm, θβ ]{γ[jkl]δmi − γ[ikl]δmj + 2γ[lij]δkm + 2γlδjkδim
−2γlδikδjm + 2γjδilδkm − 2γiδjlδkm}αβ
+
1
2gs
θαDX
k[Xm, θβ ]{γ[jk9]δmi − γ[ik9]δmj + γ[9ij]δkm + γ9δjkδim − γ9δikδjm}αβ
− i
2
θαDX
lDθβ{γ[lij] + γjδil − γiδjl}αβ + · · ·}) + . . . ,
I ijk2 = Jˆ
ijk +O(Xˆ8) = J ijk + · · ·
=
1
2π
∫
dσdτ STr (− i
6gs
X˙ i[Xj, Xk]− i
6gs
X˙j [Xk, X i]− i
6gs
X˙k[X i, Xj]
+
1
12gs
θγ[ijkl][Xl, θ] +
i
12
θγ[ijk9]Dθ) + . . . . (41)
The conformal field theory limit for the membrane current is:
lim
gs→0
I0ij2 =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
i
12
θαX˙k∂θβ{γ[kij9] + γ[j9]δki − γ[i9]δkj}αβ
− i
2
θα∂X
l∂θβ{γ[lij] + γjδil − γiδjl}αβ) + . . . ,
lim
gs→0
I ijk2 =
1
2π
∫
dσdτ STr
(
i
12
θγ[ijk9]∂θ
)
+ . . . . (42)
Moving towards the D4–brane current, the components are given by:
I0ijkl4 = 6Mˆ
+−ijkl +O(Xˆ8) = 6M−i9jkl + · · ·
=
1
2π
(
R
ℓs
) ∫
dσdτ STr (−30i
gs
X˙ [i[Xj , Xk]DX l] − 15
2gs
A˙[X [i, Xj][X l, Xk]]
16
+5iθX˙ [iγjkl]Dθ − 5A˙θγ[ijl[Xk], θ]− 15
gs
θX˙ [iγ|9|kl[Xj], θ]
+
15i
2g2s
θ[X [i, Xj]γkl]9γn[Xn, θ]− 15
2gs
θ[X [i, Xj]γkl]9γ9Dθ
+
5
gs
θDX [iγjlk]γn[Xn, θ] + 5iθDX [iγjlk]γ9Dθ) + . . . ,
I ijklm4 = −6Mˆ−ijklm +O(Xˆ10) = −6M−ijklm + · · ·
=
1
2π
(
R
ℓs
) ∫
dσdτ STr (
15
2g2s
X˙ [i[Xj , Xk][X l, Xm]] +
5
gs
θX˙ [iγjkl[Xm], θ]
+
5i
2g2s
θ[X [i, Xj]γklm]γn[Xn, θ]− 5
2gs
θ[X [i, Xj]γklm]γ9Dθ) + . . . . (43)
The conformal field theory limit for the 4–brane current is:
lim
gs→0
I0ijkl4 =
1
2π
(
R
ℓs
) ∫
dσdτ STr 5i
(
θX˙ [iγjkl]∂θ + θ∂X [iγjlk]γ9∂θ
)
+ . . . ,
lim
gs→0
I ijklm4 = O(X10) + . . . . (44)
Next we analyze the D6–brane current in matrix string theory. The components of this
current are given by:
I0ijklmn6 = Sˆ
+ijklmn +O(Xˆ10) = S+ijklmn + · · ·
=
1
2π
(
R
ℓs
) ∫
dσdτ STr
(
− i
g3s
[X [i, Xj][Xk, X l][Xm, Xn]]
)
+ . . . ,
I ijklmnp6 = Sˆ
ijklmnp +O(Xˆ12) = Sijklmnp + · · ·
=
1
2π
(
R
ℓs
)2 ∫
dσdτ STr
(
−7i
g3s
[X [i, Xj][Xk, X l][Xm, Xn]X˙p] +O(θ2, θ4)
)
+ . . . . (45)
As to the conformal field theory limit for the 6–brane current, it is:
lim
gs→0
I0ijklmn6 = O(X10) + . . . ,
lim
gs→0
I ijklmnp6 = O(X12) + . . . . (46)
A Matrix theory form for the transverse M5–brane current components M+ijklm and
M ijklmn is not known (though it is believed that these operators identically vanish in this
light–front gauge). Therefore, we cannot determine the NS5–brane current components
I ijklmn5 and I
0ijklm
5 (though most likely these operators will vanish in the Type IIA description
as well, at least to the lowest order we are considering here). For further discussions on these
points, see [34].
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With these matrix string currents, the sigma model action for matrix string theory in
weakly curved backgrounds is then simply written as:
S = 1
2π
∫
dσdτ (
1
2
gIIAµν (X)I
µν
g + φ(X)Iφ +Bµν(X)I
µν
s + B˜µνλρστ (X)I
µνλρστ
5
+Cµ(X)I
µ
0 + C˜µνλρστξ(X)I
µνλρστξ
6 + Cµνλ(X)I
µνλ
2 + C˜µνλρσ(X)I
µνλρσ
4 ), (47)
where the notation is as follows. The metric is gµν = ηµν+hµν , so that the first term includes
naturally, to linear order in hµν , the term relative to the matrix string action in flat space and
the linear coupling term hµν(X)I
µν
h previously derived. Also, we have seen that the currents
I that we derived were integrated currents, including an explicit world–sheet integration.
In (47) this world–sheet integration, as well as the 1
2π
factor, have been brought out of the
expressions for the current, in order to stress that we have obtained a two dimensional matrix
gauged sigma model field theory. Finally, recall from [14, 34, 35, 41] what is the prescription
to include explicit spacetime dependence in all the NS–NS and R–R fields. We should take
the following definition:
φ(X)Iφ ≡
∞∑
n=0
1
n!
(∂k1 · · ·∂knφ)(0)I(k1···kn)φ , (48)
where I
(k1···kn)
φ are the higher moments of the matrix string current for the dilaton. Similarly
for all the other fields. Observe that in this work we have just analyzed zeroth moments of
the Matrix and matrix string currents. Moreover, we shall assume for the remainder of the
paper that the background fields satisfy the source–free equations of motion of Type IIA
supergravity. In this case, the dual fields C˜D6, B˜NS5 and C˜D4 are well defined (p+ 1)–form
fields given at linear order by,
dC˜D6 = ⋆ dCD0, dB˜NS5 = ⋆ dB, dC˜D4 = ⋆ dCD2. (49)
In one sentence, the tensors we have just derived allow us to build a matrix sigma model
for the IIA string. Recall from the standard sigma model approach that the background
fields are an infinite number of couplings from the point of view of the world–sheet quantum
field theory. If the target space has characteristic curvature R, then derivatives of the metric
will be of order 1
R
, and so the effective dimensionless coupling in the theory will be
√
α′
R
= ℓs
R
,
quite similar to what we have obtained (even though previously R was simply the radius of
the compact dimension). For R≫ ℓs the effective coupling is small and perturbation theory
on the world–sheet is useful. In this regime, the string is effectively point–like, and one can
also use the low energy effective field theory to deal with the problem. To these results there
will naturally be stringy corrections. They can be obtained from the multi–loop corrections
to the world–sheet beta functions, as a power series in our effective coupling ℓs
R
.
One expects that a similar story should take place in the case of the matrix sigma model
we have derived, that describes multiple string interactions in non–trivial background fields.
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Indeed, it would be quite interesting to derive matrix beta functions, and therefore matrix
equations of motion for the background fields. While at the level of Matrix theory one could
expect that a large N renormalization group analysis should be required [15], here at the
level of matrix string theory it should only be a direct generalization of the one string sigma
model field theory.
5 Reduction via the T–S–T Duality Sequence
If one recalls section 3, performing the DVV reduction via the 9−11 flip should be equivalent
to a specific set of dualities, namely T–duality from IIA to IIB, S–duality of IIB, and then T–
duality back to the IIA theory. We would now like to explicitly check such a procedure in the
presence of non–trivial backgrounds. This would amount to a further check of the internal
structure of string dualities. Basically, all one needs to do is DVV reduce according to the
sequence of dualities as applied to the background fields and to the world–volume fields, and
observe that one will obtain the same result as in the previous section. The transformation
of the background fields under T and S dualities is well known. As to the transformation
of the world–volume fields, it is well known for the case of T–duality as discussed for the
general case in [22]. For S–duality, it is not known how the world–volume fields transform, as
we are dealing with a nonabelian gauge theory. For the case of the D3–brane, this has been
discussed recently in [35]. In here, we shall be dealing with a D1–brane. We will obtain the
S–duality transformations for the world–volume fields of the 2–dimensional gauge theory by
demanding consistency with the whole structure of matrix string theory. Also, we shall work
this out explicitly only for a couple of terms, not for the whole series of components of the
several matrix string supercurrents. Moreover, we will neglect all terms involving fermions
throughout this section. From the previous section we already known how they appear in
the tensor structures that compose matrix string theory, so that we can always take them
from there when they are required in the following sections. However, for the purpose of
checking the duality sequence it should be enough to look at the bosonic part of the action
alone. Extending our results to all the components and including fermions should present
no obvious obstacles.
We begin by following closely [35], in particular their discussion of implementing T and S
dualities for the linear supergravity backgrounds, and somewhat the implementation of T–
duality at the world–volume level. Then, due to the matching between the duality sequence
and the 9 − 11 flip, we determine the S–duality transformation rules at the level of the
2–dimensional world–volume theory.
Let us focus on T–duality, and how it acts both on the supergravity background fields
and on the fields that live on the D–brane. Recall that when we begin the sequence of
dualities we are looking at the world–volume theory of D0–branes. T–duality acting on
arbitrary backgrounds independent of the compact directions is well known in string theory
[42]. The standard T–duality rules can be linearized and these are the transformations we
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shall be interested in, given that we are working in weak background fields. Using barred
indices α¯, β¯, . . ., for the compact directions in which a T–duality is performed and indices
µ, ν, . . ., for the remaining 10−p spacetime dimensions (including 0), we can write the action
of T–duality in the linear supergravity background fields as [35],
hµν ←→ hµν
Bµν ←→ Bµν
hµα¯ ←→ −Bµα¯
hα¯µ ←→ Bα¯µ
hα¯β¯ ←→ −hα¯β¯
Bα¯β¯ ←→ −Bα¯β¯
φ ←→ φ− 1
2
∑
α¯
hα¯α¯
C
(q)
µ1···µq−kα¯1···α¯k ←→
1
(n− k)!ǫ
α¯1···α¯kC(q−2k+n)µ1···µq−kα¯k+1···α¯n (50)
where the (q) superscript indicates the q–form R–R field associated to a D(q − 1)–brane.
The implementation being clear at the background level, let us look at the world–volume
level. The low energy effective field theory living on the world–volume of a Dp–brane in
flat background space is the dimensional reduction of 10–dimensional SYM theory to the
p + 1 world–volume dimensions. One thing one can do [35] is to retain 10–dimensional
notation for all theDp–brane world–volume theories and reinterpret the resulting expressions
appropriately for each case, i.e., if we choose a, b, . . ., as world–volume indices and i, j, . . ., as
indices transverse to the brane, then we would reinterpret expressions such as Fai ≡ DaX i
and Fij ≡ i[X i, Xj]. We therefore see that the action of T–duality on expressions which
have been written in terms of the 10–dimensional notation simply amounts to an adequate
reintrepertation of such a notation. There is only one point one should take into account,
namely we should be careful when considering transverse fields X i associated with a compact
direction. The precise way in which one should deal with such fields has been described in
[22]. Briefly stated, transverse fields associated with a compact direction can be Fourier
decomposed so that they are T–dual to the momentum modes of the dual gauge field that
lives on the T–dual brane. The Matrix theory expressions for the moments of the 11–
dimensional supergravity currents that we have used in the previous section can all be
written easily in the 10–dimensional language, and this has been done in [35]. We refer
to the appendix for those expressions.
Given the D0–brane action in weak background fields, we can now write down the T–
dual action for the Type IIB D–string. This has in fact been done for any Dp–brane [35],
as briefly discussed in section 2. The D–string action is therefore,
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SD1NS−NS = (φ−
1
2
haˆaˆ)Iφ +
1
2
h00I
00
h +
1
2
hijI
ij
h −
1
2
haˆbˆI
aˆbˆ
h + h0iI
0i
h + 2haˆiI
aˆi
s − 2h0aˆI0aˆs
+BijI
ij
s − BaˆbˆI aˆbˆs + 2B0iI0is +BaˆiI aˆih −B0aˆI0aˆh
+Higher moment terms + Nonlinear terms, (51)
SD1R−R =
∫
d2σ ǫa0a1
∑
q
n=Min(q,8)∑
n=Max(0,q−2)
(−1)n(n−1)2 (2n− q + 1)!!
n!(q − n)!(n− q + 2)! STr {C
(q)
a0···aq−n−1i1···in ·
·F n+
2−q
2
(aq−n···a1i1···in)}+Higher moment terms + Nonlinear terms, (52)
where the indices in curved brackets are to be assigned pairwise to the corresponding product
of F ’s and then symmetrized over all orderings. Indices 0, aˆ, . . ., live on the 2–dimensional
world–volume, while indices i, j, . . ., are transverse to the D–string. The I currents in these
expressions should not be confused with the I currents derived in the previous section. In
here we started with the D0–brane currents mentioned in section 2, which in turn can be de-
termined in terms of the Matrix currents T , J andM . As we wrote the previous expressions,
the 0–brane currents I are then to be reinterpreted as 10–dimensional expressions reduced
to the 2–dimensional world–volume of the D1–brane. As to the higher moment terms, the
expressions will be just like the ones above, but with the appropriate inclusion of arbitrary
derivatives of each background field.
It is therefore clear that in order to explicitly write the D–string action, it would be useful
to start with the 10–dimensional expressions for the I currents. These can be obtained
from the expressions in [35], and they are as follows. Observe that we write down the
expressions in the previously explained 10–dimensional notation, and so when reducing to
the 2–dimensional world–volume one should take into consideration the compact direction
carefully, as was mentioned before.
The I00h component of the matrix string current for background metric field, can be
written in 10–dimensional notation as (we dropped a factor of 1/R from all the expressions
that follow for the I currents):
I00h = T
++ + T+− + (I00h )8 +O(X12)
= STr (1 + F 0µF 0µ +
1
4
FµνF
µν +O(Θ2)) + (I00h )8 +O(X12). (53)
All components of these matrix string currents are straightforward to write down, so we
simply present them. For the NS–NS sector, the matrix string current components can be
written in 10–dimensional notation as:
I00h = T
++ + T+− + (I00h )8 +O(X12)
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= STr (1 + F 0µF 0µ +
1
4
FµνF
µν +O(Θ2)) + (I00h )8 +O(X12),
I0ih = T
+i + T−i +O(X10)
= −STr (F 0i + F 0µFµνF νi + 1
4
F 0iFµνF
µν +O(Θ2,Θ4)) +O(X10),
I ijh = T
ij + (I ijh )8 +O(X12) = STr (F iµFµj +O(Θ2)) + (I ijh )8 +O(X12),
Iφ = T
++ − 1
3
(T+− + T ii) + (Iφ)8 +O(X12)
= STr (1 +
1
4
FµνF
µν +O(Θ2)) + (Iφ)8 +O(X12),
I0is = 3J
+−i +O(X8) = 1
2
STr (F 0µFµ
i +O(Θ2)) +O(X8),
I ijs = 3J
+ij − 3J−ij +O(X10)
= −1
2
STr (F ij + F iµFµνF
νj +
1
4
F ijFµνF
µν +O(Θ2,Θ4)) +O(X10). (54)
Moving to the R–R fields, one can write the matrix string currents in the 10–dimensional
notation as:
I00 = T
++ = STr (1 ),
I i0 = T
+i = −STr (F 0i),
I0ij2 = J
+ij +O(X10) = −1
6
STr (F ij) +O(X10),
I ijk2 = J
ijk +O(X8) = 1
6
STr (F 0iF jk + F 0jF ki + F 0kF ij +O(Θ2)) +O(X8),
I0ijkl4 = 6M
+−ijkl +O(X8) = 1
2
STr (F ijF kl + F ikF lj + F ilF jk +O(Θ2)) +O(X8),
I ijklm4 = −6M−ijklm +O(X10) =
15
2
STr (F 0[iF jkF lm] +O(Θ2)) +O(X10),
I0ijklmn6 = S
+ijklmn +O(X10) = STr
(
F[ijFklFmn]
)
+O(X10),
I ijklmnp6 = S
ijklmnp +O(X12) = 7STr
(
F[ijFklFmnX˙p] +O(θ2, θ4)
)
+O(X12). (55)
As we discussed in the previous section, finding a Matrix theory form for the transverse
M5–brane current components M+ijklm and M ijklmn is a matter which is yet not quite fully
understood.
All these straighten out, we can proceed and explicitly write down (51) and (52) for this
case of the IIB D–string. From the previous expressions, one obtains:
SD1NS−NS = (φ−
1
2
ha
a)STr
(
1 +
1
4
FµνF
µν + · · ·
)
+
1
2
hij STr
(
F iµFµ
j + · · ·
)
− 1
2
hab STr
(
F aµFµ
b + · · ·
)
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−hai STr
(
F ai + F aµFµνF
νi +
1
4
F aiFµνF
µν + · · ·
)
−1
2
Bij STr
(
F ij + F iµFµνF
νj +
1
4
F ijFµνF
µν + · · ·
)
+
1
2
Bab STr
(
F ab + F aµFµνF
νb +
1
4
F abFµνF
µν + · · ·
)
+Bai STr
(
F aµFµ
i + · · ·
)
+ . . . , (56)
SD1R−R =
1
2
ǫabCD(−1) STr (Fab + · · ·) + 1
2
ǫabCD1ab STr (1 + · · ·) +
1
2
ǫabCD1ai STr
(
Fb
i + · · ·
)
+
1
2
ǫabCD1ij STr
(
Fa
iFb
j − 1
2
FabF
ij + · · ·
)
+ . . . , (57)
where in the previous expressions one should still take into consideration that the tensors
must be appropriately reduced to 2–dimensional world–volume notation via the identifica-
tions Fai ≡ DaX i and Fij ≡ i[X i, Xj], and the proper treatment of the compact coordinate
X9 according to [22]. Integration over the cylindrical world–sheet {τ, σ} is implicit. Of
course the action (56) and (57) is quite interesting on its own, as it yields the gauged matrix
sigma model for the Type IIB D–string in weakly curved backgrounds.
The issue of T–duality along RIIA9 solved, let us now deal with the IIB S–duality trans-
formation. The SL(2,Z) duality symmetry of Type IIB string theory maps a (p, q)–string
into another (p′, q′)–string. In here, we shall focus on the usual Z2 subgroup of the S–duality
group generated by the transformation which exchanges the NS–NS and R–R 2–form fields,
and in particular maps the D–string into the fundamental string. As in the case of T–duality,
the action of this subgroup of S–duality on arbitrary IIB supergravity background fields is
well known [42]. At linear order the transformation is [35],
φ −→ −φ
C(0) −→ −C(0)
Bµν −→ −C(2)µν
C(2)µν −→ Bµν
hµν −→ hµν
C(4) −→ C(4). (58)
These transformations are written in the Einstein frame, even though we have been working
in the string frame. This is fine as the terms that we are considering from the string action,
in this paper, are the same in both frames.
The problem we face concerns the implementation of S–duality at the D–string world–
volume level. In fact, the S–duality transformation properties of the world–volume operators
in the 2–dimensional U(N) gauge theory are not known. What we shall see, is that in the
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end the S–duality transformations are not so surprising, and they turn out to be quite simple
as there will be no change in the composite operators. But for the moment, let us assume
that they could be anything.
In here, for the D1–brane, because we know what the result is from matrix string theory
we can predict the precise transformation properties of all the operators that appear in the
action. For the moment, we shall perform the IIB S–duality transformation of the D–string
action (56) and (57) in the following way. We apply the linear S–duality transformations
(58) to the background fields, and we denote S–duals of the world–volume fields by simply
putting a tilde over them. Next, as we T–dualize back to the IIA theory, we can then compare
to the previous section and obtain predictions for all these “tilded” operators. S–dualizing
the D–string action in this way, one obtains:
SF1˜NS−NS = (−φ− 12haa)STr
(
1 +
1
4
˜FµνF µν + · · ·)
+
1
2
hij STr
( ˜F iµFµj + · · ·)− 1
2
hab STr
( ˜F aµFµb + · · ·)
−hai STr
(
F˜ ai + ˜F aµFµνF νi + 1
4
˜F aiFµνF µν + · · ·)
+
1
2
Cij STr
(
F˜ ij + ˜F iµFµνF νj + 1
4
˜F ijFµνF µν + · · ·)
−1
2
Cab STr
(
F˜ ab + ˜F aµFµνF νb + 1
4
˜F abFµνF µν + · · ·)
−Cai STr
( ˜F aµFµi + · · ·)+ . . . , (59)
SF1
R˜−R = −
1
2
ǫabCD(−1) STr
(
F˜ab + · · ·
)
+
1
2
ǫabBab STr (1 + · · ·) + 1
2
ǫabBai STr
(
F˜bi + · · ·
)
+
1
2
ǫabBij STr
( ˜FaiFbj − 1
2
˜FabF ij + · · ·) + . . . , (60)
where we also denoted the action subscripts with a tilde, as we have a mixing of the NS–NS
and R–R sectors under S–duality. A note on notation: in case it is not clear, in the previous
expressions the tilde is over the whole composite operator.
Proceeding, we are left with a final T–duality along RIIB9 that leads back to the Type IIA
theory, and therefore to matrix string theory. The rules for T–duality have been previously
explained and used, so we just apply them to the previous expressions to obtain the matrix
string theory action in weak background fields. Two points should still be stressed. We
have been slightly abusive of notation in the previous expressions by allowing more than one
compact direction, as we indexed tensors as aˆ, bˆ, . . .. Of course in the case we are dealing
with there is only one, σ. Moreover, we still have to write the world–volume tensors in the
2–dimensional world–sheet notation. Once we make the notation completely rigorous, we
are left with (recall that in the matrix string limit R9 → 0),
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S = φSTr
−1 + 1
2
˜˙
X2i −
1
2
˜(DX i)2 + 1
2
g2s
˜˙
A2 +
1
2g2s
∑
i<j
˜[X i, Xj ]2 + · · ·

+
1
2
h00 STr
1 + 1
2
˜˙
X2i +
1
2
˜(DX i)2 + 1
2
g2s
˜˙
A2 − 1
2g2s
∑
i<j
˜[X i, Xj]2 + · · ·

+
1
2
hij STr
(
˙˜X iX˙j − ˜(DX i)(DXj)− 1
g2s
˜[X i, Xk][Xk, Xj] + · · ·)
+h0i STr (
˜˙
X i +
1
2
g2s
˙˜A2X˙ i − i ˜A˙(DXj)[Xj , X i] + 1
2
˜
(X˙j)2X˙ i − ˜X˙j(DXj)(DX i)
+
1
2
˜
(DXj)2X˙ i − 1
g2s
˜
X˙j[Xj , Xk][Xk, X i]− 1
2g2s
˜
X˙ i
∑
j<k
[Xj, Xk]2 + · · ·)
+B0i STr
(
−1
2
˜(DX i) + · · ·)+Bij STr (−1
2
˜
X˙ i(DXj) +
1
2
˜
X˙j(DX i)− i
2
˜
A˙[X i, Xj]
+ · · ·) + Ci STr
(
gs
˜˙
AX˙ i − i
gs
˜(DXj)[Xj , X i] + · · ·)+ C0 STr (gs ˜˙A + 1
2
g3s
˜˙
A3
−1
2
gs
˜
A˙(DX i)2 +
1
2
gs
˜
A˙(X˙ i)2 +
i
gs
˜
X˙ i[X i, Xj]DXj − 1
2gs
˜
A˙
∑
i<j
[X i, Xj]2 + · · ·)
+ . . . (61)
This completes the sequence of DVV dualities. The final result should be equivalent to
performing the 9 − 11 flip of section 4. Comparing this result to the one in section 4, (47),
one will obtain the S–duality transformation rules for the tensor operators that live on the
D–string world–volume. One should only keep in mind that in this section we have dropped
a factor of 1/R from all the expressions, and that one may need to correct for units as
comparing to the previous section.
From the expression (61) we have results for the Iφ, I
00
h , I
ij
h , I
0i
h , I
0i
s , I
ij
s , I
i
0 and I
0
0 tensors
coming from the T–S–T chain of dualities. It should be a straightforward exercise to include
all other matrix string tensors in this result. For our purposes this is enough. Comparing
back to what we have obtained for those same tensors in section 4 – where we used the 9−11
flip to DVV reduce – we obtain an interesting result: the 2–dimensional D–string world–
volume composite operators are invariant under the target space IIB S–duality operation.
It is indeed somewhat expected that these operators should not change, as from the field
theory side we expect non–trivial S–duality properties only for the N = 4, d = 4 gauge
theory, i.e., we only expect to see non–trivial transformation laws for the operators that live
on the world–volume of the D3–brane. For the D1–brane, the operators are kept fixed under
the target transformation.
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6 Green–Schwarz Action in a Curved Background
Given that the matrix string theory action we have built has been firmly established at the
level of string duality, we would further like to confirm it by looking at its conformal field
theory limit, where we obtain the free string case. We expect that when we take the gs → 0
limit, our action should match the Green–Schwarz sigma model for the Type IIA superstring
[36], once we consider this latter one in the same weak background approximation that we
are considering in here.
6.1 The Green–Schwarz Action
We begin with a short review of the results obtained for the IIA superstring in [36], so that
we can establish a bridge between the results of that paper and our notation. We want to
compare the Green–Schwarz sigma model to our matrix sigma model, and for that all one
needs to do is to consider the matrix sigma model in the free string limit which was presented
throughout section 4 for all the tensor fields. One should also take into consideration the
weak field approximation in the sigma model for one string. It should be stressed that we
shall be looking at schematic and qualitative results only, throughout this section. This is
because establishing a precise map from the matrix string theory in the IR to the light–cone
Green–Schwarz action requires a precise lifting of the IR matrix action from the cylinder to
its branched coverings, and so to any given Riemann surface. The procedure is described at
length in [24, 25, 26, 27, 28] for the flat background situation. Completing such a procedure
for this curved situation is an interesting project for the future.
The massless spectra of the Type IIA closed superstring includes the metric, gµν , the NS
B–field, Bµν , and the dilaton, φ, whose origin is the bosonic sector of the superstring action.
It also includes the D0–brane 1–form, Cµ, and the D2–brane 3–form, Cµνρ, whose origin is
the fermionic sector of the same superstring action. The covariant superstring action can be
written while in the presence of couplings to the background fields of N = 2 10–dimensional
supergravity, as was shown in [36]. In here we are interested in the form of this action
in light–cone gauge, which was also derived in [36]: If one chooses light–cone gauge, and
furthermore assumes the supergravity background fields to be non–trivial only in the eight
transverse directions (so that the background spacetimes decomposes asM10 = R(1,1)×M8),
then the NS–NS sector of the IIA superstring action is written as [36],
LNS−NS = gij(X) σab∂aX i∂bXj + 4πα′ Bij(X) ǫab∂aX i∂bXj − 2iθTγ0ρ0ˆγ−ρaD̂aθ
+
1
64
R̂ijkl θ
Tγ0ρ0ˆγij−ρa(1 + ρ3)θ θTγ0ρ
0ˆγkl−ρa(1− ρ3)θ + · · · , (62)
where we have the following relations,
R̂ijkl = ∂kΓ̂
i
jl − · · · , Γ̂ijl = Γijl[g] + 2πα′H ijl, Hijk = 3∂[iBjk],
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D̂a = ∂a − 1
4
γ jˆkˆ ω̂jˆkˆi ∂aX
i, ω̂..i = ω..i + 2πα
′ρ3H..i, γ
ij− ≡ γijγ−, (63)
and moreover: i, j, k, . . ., are transverse spacetime indices; a, b, . . . are world–sheet indices;
hatted indices correspond to tangent frame indices; σab is the world–sheet metric; and we
have introduced two–dimensional world–sheet Dirac matrices ρaˆ as,
ρ0ˆ =
(
0 −i
i 0
)
, ρ1ˆ =
(
0 i
i 0
)
, ρ3 =
(
1 0
0 −1
)
. (64)
One can also write down the Lagrangian for the R–R sector of the Type IIA superstring
action [36],
LR−R = i
(α′)3/2
θTγ0ρ0ˆγ(iΓΛγj)(1− ρ3)θ (−∂aX i∂aXj + i
6
θTγ0ρ0ˆγni−ρaθ ∂aXj∂n
− 1
144
θTγ0ρ0ˆγni−ρaθ θTγ0ρ0ˆγmj−ρaθ ∂n∂m) CΛ(X)
+
i
(α′)3/2
θTγ0ρ0ˆγ[iΓΛγj](1− ρ3)θ (−ǫab∂aX i∂bXj + i
6
θTγ0ρ0ˆγni−ρaρ3θ ∂aXj∂n
− 1
144
θTγ0ρ0ˆγni−ρaθ θTγ0ρ0ˆγmj−ρaρ3θ ∂n∂m) CΛ(X) + · · · , (65)
where we have {(ΓΛ, CΛ)} = {(γ−i, Ci), (γijk−, Cijk)} for the background D0 and D2–brane
currents. Indices i, j, . . ., are contracted via the metric gij, and the dots in (65) refer to
higher–derivative terms (which have no contribution to the light–cone vertex operators) [36].
This completes the information on the Green–Schwarz action that we shall be interested in.
To begin the comparison with the abelian limit of our results from section 4, we look
at the NS–NS sector. In the weak background field limit we are considering, the Riemann
curvature terms drops out from (62) and all we need to check is for the existence of the
abelian couplings,
hij(X) ∂
aX i∂aX
j, (66)
and
Bij(X) ǫ
ab∂aX
i∂bX
j. (67)
Comparing back to (34) and (38), one immediately observes that these terms indeed appear
in the abelian conformal limit of our matrix string action. The term involving the Riemann
tensor is present in a weak field approximation only via its piece in ∂2h. One can realize
however that, being schematically of the form R̂ijkl θ
TΓijθ θTΓklθ, it is of order O = (R
ℓs
)2.
At the Matrix theory level we have four fermion terms of this type in the T−i component
of the Matrix stress tensor and in the J−ij component of the Matrix membrane current,
and therefore we have terms of this type in several components of the matrix string tensor
couplings. However, none of these terms seems to have the required index structure to couple
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to the Riemann curvature term, and besides we are looking for tensors that will couple to
a term of the type ∂i∂jhkl. The reason for this is that such couplings will actually arise
from higher moment terms. Indeed, one can see from the appendix that there are two
fermion contributions to the first moment terms of T
ij(l)
Fermion, which will couple to a term
in ∂h. Similarly there will be four fermion contributions that should produce the required
curvature coupling. It would be interesting to construct explicitly such terms.
When we move to the R–R sector, we observe that in (65) the terms that do not involve
derivatives of the D0 and D2–brane fields are at order O = (R
ℓs
)2, and schematically of the
form θTΓijΛθ ∂X
i∂Xj . For the D0–brane such terms will likely come from the quadratic
fermion pieces that we neglected in the tensor T−−, while for the D2–brane case it is not
entirely clear where these terms should come form. The other terms in the R–R action
(65) are higher derivative terms in the R–R fields, and so we would only expect to match
these terms to higher moments of our couplings. Therefore, the overall comparison of our
results with the ones for the one string action is rather schematic and qualitative. But the
comparison can still be of some use in predicting some possible new coupling terms coming
up in the full curved action.
6.2 Matrix Theory in Curved Backgrounds
As we mentioned before, in the Green–Schwarz sigma model there are four fermion couplings
to the background Riemann tensor. One could expect that this coupling would correspond
to the free string limit of some nonabelian coupling between world–sheet fields and the
background curvature. Indeed, given the previous match between abelian and nonabelian
actions, one has some clues for the form of the couplings to background curvature. This
would amount to terms in the full non–linear matrix string action, and therefore to terms
involving the Riemann curvature and other non–linear combinations of the supergravity
background fields in the Matrix theory action.
As we have just seen, the term involving the curvature tensor is schematically of the
form R̂ijkl θ
TΓijθ θTΓklθ, and we have no tensor coupling with this index structure among
the zeroeth moment terms. One naturally expects that such tensors would start making
their appearance once one performs a higher loop calculation in Matrix theory or in matrix
string theory as we would obtain, e.g., quadratic pieces in the metric, h. For the moment we
simply observe that the actions (62) and (65) yield already some information on what one
will obtain from such a higher loop calculation by telling us what will be the abelian limit of
the tensors one would eventually obtain. Indeed we can predict that there will be a tensor
coupling to the quadratic metric piece, of the type,
Gijkl = θTΓijθ θTΓklθ +Nonabelian Terms. (68)
This is of course the required coupling for the curved matrix string theory action to match,
in the free abelian limit, the Green–Schwarz action. But because we are dealing in this
section with background fields that are non–trivial only in the eight transverse directions,
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this term actually is lifted to a term in the curved Matrix theory action. We see therefore
that in order for a supersymmetric completion of the curved background Matrix action to
be done, there will be at least quartic fermion terms required, at zeroeth moment terms.
Because the curvature term in (62) also includes a coupling to the NS–NS B–field field
strength, a similar story will also work for that term. Likewise, due to the higher derivative
terms in (65), we shall actually obtain quite a few predictions for higher moments and other
tensor couplings, along the lines of the previous discussion for the background Riemann
curvature. In summary, a full extension of Matrix theory for the case of curved backgrounds
will probably not be as simple as the sigma model proposal in [15]. Its supersymmetric
completion however, will have to include a series of non–linear background couplings, as we
have just discussed. Such types of couplings, involving the Riemann tensor and four fermion
fields, are common in supersymmetric completions of bosonic sigma models and so are quite
natural to be expected in here as well.
7 Noncommutative Backgrounds
In this section we wish to exemplify the nonabelian nature of our action. Ideally one hopes
that coherent states of gravitons can be made out of many fundamental strings (by some sort
of fundamental string condensation), and by using infinite dimensional matrices to describe
such solutions one could then be able to build fully curved spacetime geometries – somewhat
like when one uses infinite matrices to describe non–compact curved membranes in Matrix
theory [43]. In practice the situation is not as idealistic, as it is not clear how to go from the
description of the coherent state in terms of the strings to their effects on the other strings.
This would correspond to a higher loop calculation in Matrix theory or matrix string theory.
Still, an interesting question is whether one can exponentiate the noncommutative vertex
operators we have obtained in our linear action, and from that build the full non–linear matrix
sigma model. Recall that the results for the I tensors can be used (loosely speaking, via
multiplication by exp(ip·X)) to obtain the noncommutative vertex operators of matrix string
theory. However, precisely because of this noncommutative nature of the vertex operators,
one still lacks an ordering for the exponentiation. Such an ordering would moreover have to
produce terms with derivatives of the background fields, as such terms are expected in order
to satisfy the geodesic length condition in [44, 45]. It is certainly not clear how to choose
the ordering of such an exponential at this stage. There is also the question of whether the
background satisfies the equations of motion of supergravity. To clear this issue, one would
again need the full matrix sigma model in order to compute noncommutative beta functions
and from there derive the noncommutative equations of motion for the background.
For the moment we will aim lower and consider a very simple example involving non–
trivial R–R flux. There is a particular interest in examples involving R–R flux, due to its
possible connection to noncommutative spacetime geometry. Recently there has been some
study in the applications of noncommutative geometry to string theory. This has, however,
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been mainly studied at the world–volume level where the noncommutativity appears as a
result of non–trivial NS–NS flux [37, 38, 39, 40]. But it has also been suggested that in
situations involving R–R flux rather than NS–NS flux, the noncommutativity could make its
appearance at the background spacetime level due to small distance stringy effects [46]. It
would be quite interesting to further study this issue.
7.1 R–R Flux and String Condensation
An interesting situation is the one where there exists non–trivial R–R flux. In recent work
[41, 47] it was studied an example where a collection of D0–branes was polarized into a
noncommutative 2–sphere configuration by an external R–R field. The question quickly
arises of whether a similar situation could exist in this case, where we are dealing with
a collection of fundamental strings. If they can indeed be polarized into noncommutative
configurations by some external R–R fields, this would then correspond to the creation of
some sort of noncommutative stringy object. We shall see that such indeed happens, and so
R–R flux can act as a source for fundamental string world–sheet noncommutativity.
Let us consider a situation where there is non–trivial R–R 3–form flux. This case will be
quite similar to the one of dielectric branes considered in [41], the difference being that now
we have “dielectric strings”. We will moreover consider a simplified case where we take all
fermionic fields to vanish, θ = 0. As an ansatz, let us also consider A = 0 and ∂X i = 0. At
the background level, we shall set all other fields (except for the membrane current) to zero.
All this done, one is left with the flat space matrix string theory action,
SF lat =
1
2π
∫
dσdτ Tr
(
1
2
(X˙ i)2 +
1
4g2s
[X i, Xj]2
)
, (69)
supplemented by the D2–brane linear coupling,
SD2−brane =
1
2π
∫
dσdτ Cµνλ(X)I
µνλ
2 . (70)
As to the D2–brane linear coupling, we shall focus our attention in the lowest order terms
in the derivative expansion. In particular, we will not retain terms at order O = (R
ℓs
) and
above (this corresponds to two operator insertions and is the same order as the flat space
matrix string action). In this case, the tensor couplings we need to consider are:
I0ij2 = STr
(
− i
6gs
(
ℓs
R
)
[X i, Xj] +O(R
ℓs
)
)
,
I ijk2 = STr
(
− i
6gs
X˙ i[Xj , Xk]− i
6gs
X˙j[Xk, X i]− i
6gs
X˙k[X i, Xj]
)
, (71)
so that the D2–brane linear coupling term becomes,
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12π
∫
dσdτ Cµνλ(X)I
µνλ
2 =
1
2π
∫
dσdτ
(
3C0ij(X)I
0ij
2 + Cijk(X)I
ijk
2
)
=
1
2π
∫
dσdτ STr (− i
2gs
(
ℓs
R
)
C0ij(X)[X
i, Xj]
− i
2gs
Cijk(X)X˙
i[Xj, Xk] +O(R
ℓs
)), (72)
where we still have to expand C0ij to first order in derivatives, C
D2
0ij (X) = C
D2
0ij (0) +
(R
ℓs
)Xk∂kC
D2
0ij (0) + · · ·. Doing this and integrating the time derivative by parts, one obtains,
1
2π
∫
dσdτ Cµνλ(X)I
µνλ
2 =
1
2π
∫
dσdτ
i
2gs
STr
(
(∂0Cijk − ∂kC0ij)Xk[X i, Xj]
)
+ · · · , (73)
where we have further specialized for the particular case of time independent solutions,
X˙ i = 0. Any solutions we shall obtain will correspond to static backgrounds. Now, the
D2–brane 3–form potential, C3, is related to the D2–brane 4-form field strength, F4, by the
standard relation F4 = dC3, and so one simply has the expected gauge invariant coupling:
1
2π
∫
dσdτ Cµνλ(X)I
µνλ
2 =
1
2π
∫
dσdτ
i
6gs
STr
(
F0ijkX
k[X i, Xj]
)
+ · · · . (74)
If we furthermore choose the D2–brane field strength as constant, F0ijk = −2Fǫijk for
i, j, k = 1, 2, 3, and zero otherwise, we are led into a situation very similar to the D0–brane
case of [41], only now with F–strings. Indeed, the effective potential we have obtained for
the static configuration of N fundamental strings is,
Veff(X) = − 1
4g2s
Tr [X i, Xj]2 − i
6gs
F0ijk STr [X
i, Xj]Xk. (75)
with the following equation for the extrema,
[ [X i, Xj], Xj]− i
2
gsF0ijk[X
j, Xk] = 0. (76)
The case of commuting matrices, [X i, Xj] = 0, is a solution with zero potential energy.
This corresponds to the free string limit, i.e., it corresponds to a situation describing sep-
arated, straight and static free strings. More interesting to us would be a noncommuting
solution. Following [48, 41], we consider the ansatz X i = ϕσi, i = 1, 2, 3, where ϕ is a
constant and σi are some N–dimensional matrix representation of the su(2) algebra,
[σi, σj] = 2iǫijkσk. (77)
Using this ansatz in the equation for the extrema of the string effective potential, one im-
mediately obtains that this is indeed a solution once we set the constant to be ϕ = 1
2
gsF . If
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we moreover consider the σi as an irreducible representation, one computes the Casimir as
Tr (σi)2 = 1
3
N(N2 − 1), and so the nonabelian solution has an effective potential of,
VNC = −g
2
sF
4
48
N(N2 − 1), (78)
i.e., the noncommutative solution has an energy lower than the commuting one. This means
of course that the configuration corresponding to separated static free strings is unstable,
and the strings will actually condense into a noncommutative solution. This solution is
the noncommutative sphere, with radius R = 1
2
gsFN(1 − 1N2 )
1
2 , as can be seen from the
algebra (77). So, in conclusion, the presence of an R–R field has condensed the initially free
fundamental strings into a static noncommutative spherical configuration. Also, we should
point out that this solution corresponds to a string theory derivation of the commutation
relations for fundamental strings in the presence of R–R fields, proposed in [46].
This phenomena leads to an interesting question. In the D–brane situation, the Myers’
effect [41] tells us that an external R–R field can polarize a collection of D–branes into a
noncommutative configuration. The noncommutativity is present at the world–volume level,
such that there is a background commutative spacetime with a noncommutative object made
out of many D–branes inside. In the situation described in this section we are dealing with
F–strings. So, even though the situation seems quite analogous to the one of the brane
system, one also needs to take into account the fact that the F–strings actually describe
gravitons, and we are thus led to a situation where the R–R field is building a noncom-
mutative object made out of many gravitons. Now, graviton states generally correspond to
curved spacetimes, however describing small fluctuations such as gravitational waves with
small amplitudes. If one wishes to describe large fluctuations one needs to consider states
with a semiclassical behavior which would correspond to coherent states – where one would
run into the mentioned problems concerning exponentiation of nonabelian couplings.
The question still remains on how to interpret a noncommutative object made out of
many gravitons, inside a background commutative spacetime. One speculative possibility is
that this could actually correspond to a noncommutative background spacetime geometry.
Indeed, one could imagine that if we put enough gravitons together, the noncommutative
spherical configuration will grow up to a stage where its curvature is actually weak. Then,
we would be in a position to expect that this large sphere would take up the role of the
background spacetime, i.e., the R–R flux we considered would have created some sort of
noncommutative background spacetime geometry. It would be quite interesting to further
study more complex examples of such situations.
8 Conclusions
We have seen in this paper how to construct an action for matrix string theory in weakly
curved background fields. In the process, we have also studied its relation to T and S
dualities. Such an action provides working ground to study multiple interacting strings in
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both NS–NS and R–R backgrounds. For the particular case of an R–R background, we have
seen how fundamental strings can condense into a nonabelian configuration thus building a
noncommutative stringy configuration. The action we derived also allows for some discussion
on how background non–linear curvature terms will couple to the Matrix theory action in a
general curved background. With all this in hand, we believe there are quite a few interesting
lines for future research on this subject. We present some of these lines below.
One possible application of the action we have obtained is to describe second quantized
superstring theory in general backgrounds with R–R fields turned on. This is quite an
interesting venue of work, given that there has been some recent interest in such ideas, e.g.
[49, 50, 51, 52, 53, 54]. Along these lines, one should also try to further understand the
possible background geometry noncommutativity due to the R–R flux, in particular it would
be quite interesting if some connection to the work in [55] could be done. For this, it could
be of some interest to complete further examples involving diverse background fields, in
order to fully explore the nonabelian aspects of curved stringy spacetimes. This could be
a first step towards the more ambitious goal of constructing fully curved noncommutative
spacetime geometries from string theory.
The resulting action from our work could also be of use in the study of diverse scattering
or absorption problems, involving branes, black holes, or in the context of the AdS/CFT
correspondence [56, 57, 58]. It would be quite interesting if some work along the lines in [59]
could be accomplished. Probably, from the computation of scattering amplitudes, the role
of the noncommutative vertex operators would then become more translucid (there has been
some very recent work on vertex operators in [60]). This would then be of some interest
should it yield further insight on how one should exponentiate such operators, in order to
obtain the full non–linear action. Indeed, one particularly interesting use of our work would
be to further use this action in order to try to infer some new information about Matrix
theory in a general curved background. This could perhaps be accomplished via a more
detailed and direct comparison with the Type IIA string theory abelian limit. Some work
towards such goal has been done in [15, 44, 45, 61, 62, 63, 64, 65, 66], and one should try
to understand any possible relations between those papers and the work presented in here.
Probably one particularly important relation to understand is the one with the work in [65].
In order to achieve these goals, some research should be done on understanding how to
construct the precise lift of the matrix string theory action from the cylinder to arbitrary
Riemann surfaces, and so establish the precise connection to the Green–Schwarz action along
the lines of [24, 25, 26]. We hope to address some of these questions in the future.
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A Supercurrents from Matrix Theory
We reproduce here the Matrix theory forms of the multipole moments of the 11–dimensional
supercurrents found in [13, 14], written in 10–dimensional form as in [35]. Dropping a factor
of 1/R from each expression, the stress tensor T IJ , M2–brane current JIJK and M5–brane
current M IJKLMN have integrated (monopole) components:
T++ = STr (1 ) = N
T+i = −STr (F 0i)
T+− = STr (F 0µF 0µ +
1
4
FµνF
µν +
i
2
Θ¯Γ0D0Θ)
T ij = STr (F iµFµ
j +
i
4
Θ¯ΓiDjΘ+
i
4
Θ¯ΓjDiΘ)
T−i = −STr (F 0µFµνF νi + 1
4
F 0iFµνF
µν − i
8
FµνΘ¯Γ
iΓµνD0Θ
+
i
8
FµνΘ¯Γ
0ΓµνDiΘ− i
4
FµνΘ¯Γ
νΓ0iDµΘ− 1
8
Θ¯Γ0µiΘ Θ¯ΓµΘ)
T−− =
1
4
STr (FµνF
νγFγδF
δµ − 1
4
FµνF
µνFγδF
γδ + iFµνFγδΘ¯Γ
νΓγδDµΘ+O(Θ4))
J+ij = −1
6
STr (F ij)
J+−i =
1
6
STr (F 0µFµ
i +
i
4
Θ¯Γ0DiΘ− i
4
Θ¯ΓiD0Θ)
J ijk =
1
6
STr (F 0iF jk + F 0jF ki + F 0kF ij − 3i
4
Θ¯Γ0[ijDk]Θ+
i
4
Θ¯ΓijkD0Θ)
J−ij =
1
6
STr (F iµFµνF
νj +
1
4
F ijFµνF
µν − i
8
FµνΘ¯Γ
jΓµνDiΘ
+
i
8
FµνΘ¯Γ
iΓµνDjΘ− i
4
FµνΘ¯Γ
νΓijDµΘ+
1
8
Θ¯ΓµijΘΘ¯ΓµΘ)
M+−ijkl =
1
12
STr (F ijF kl + F ikF lj + F ilF jk − iΘ¯Γ[ijkDl]Θ)
M−ijklm = −5
4
STr (F 0[iF jkF lm] +
i
2
F [0iΘ¯ΓjklDm]Θ).
Here, STr denotes a symmetrized trace in which one takes the average over all possible
orderings of the matrices inside the trace, with commutators being treated as a unit block.
Time derivatives are taken with respect to Minkowski time t. Indices i, j, . . ., run from 1
through 9, while indices a, b, . . ., run from 0 through 9. In these expressions one should
use the definitions F0i = X˙
i and Fij = i[X
i, Xj]. A Matrix form for the transverse 5–
brane current components M+ijklm and M ijklmn is not known, and in fact comparison with
supergravity suggests that these should be zero for any Matrix theory configuration.
The higher multipole moments of these currents contain one set of terms which are
found by including the matrices Xk1, . . . , Xkn into the symmetrized trace as well as more
complicated spin contributions. We may write these as,
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T IJ(i1···ik) = Sym (T IJ ;X i1 , . . . , X ik) + T IJ(i1···ik)Fermion
JIJK(i1···ik) = Sym (JIJK ;X i1, . . . , X ik) + JIJK(i1···ik)Fermion
M IJKLMN(i1···ik) = Sym (M IJKLMN ;X i1, . . . , X ik) +M IJKLMN(i1···ik)Fermion ,
where some simple examples of the two–fermion contribution to the first moment terms are,
T
+i(j)
Fermion = −
1
8R
Tr (Θ¯Γ[0ij]Θ)
T
+−(i)
Fermion = −
1
16R
Tr (FµνΘ¯γ
[µνi]Θ− 4Θ¯F0µγ[0µi]Θ)
T
ij(l)
Fermion =
1
8R
Tr (FjµΘ¯γ
[µil]Θ+ Θ¯Fiµγ
[µjl]Θ)
J
+ij(k)
Fermion =
i
48R
Tr (Θ¯Γ[ijk]Θ)
J
+−i(j)
Fermion =
1
48R
Tr (F0µΘ¯γ
[µij]Θ+ Θ¯Fiµγ
[µ0j]Θ)
M
+−ijkl(m)
Fermion = −
i
16R
STr
(
Θ¯F [jkΓil]mΘ
)
.
The remaining two–fermion contributions to the first moments and some four–fermion terms
are also determined by the results in [14]. There are also fermionic components of the
supercurrent which couple to background fermion fields in the supergravity theory. These
couplings have not been discussed in this paper, but the Matrix theory form of the currents
is determined in [14].
Finally, there is also a 6–brane current appearing in Matrix theory related to nontrivial
11–dimensional background metrics. The components of this current as well as its first
moments are:
S+ijklmn =
1
R
STr
(
F[ijFklFmn]
)
S+ijklmn(p) =
1
R
STr
(
F[ijFklFmn]Xp − θF[klFmnγpqr]θ
)
Sijklmnp =
7
R
STr
(
F[ijFklFmnX˙p] +O(θ2, θ4)
)
Sijklmnp(q) =
7
R
STr
(
F[ijFklFmnX˙p]Xq − θ X˙[jFklFmnγpqr]θ + i
2
θ F[jkFlmFnpγqr]θ
)
.
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B DVV Reduction of Matrix Theory Tensors
The Matrix stress tensor components are:
T++ =
1
R
STr (1 ) ,
T+i =
1
R
STr
(
X˙i
)
,
T+− = STr
 1
2R
X˙iX˙i − RM
6
P
8π2
∑
i<j
[X i, Xj]2 +
RM6P
8π2
θγi[X i, θ]
 ,
T ij = STr
(
1
R
X˙iX˙j − RM
6
P
4π2
[X i, Xk][Xk, Xj]− RM
6
P
16π2
θγi[Xj , θ]− RM
6
P
16π2
θγj [Xi, θ]
)
,
T−i = STr
 1
2R
X˙i(X˙j)
2 − RM
6
P
8π2
X˙i
∑
j<k
[Xj, Xk]2 − RM
6
P
4π2
[X i, Xj][Xj, Xk]X˙k

−STr
(
RM6P
16π2
θαX˙k[Xm, θβ]
)
{γkδim + γiδmk − 2γmδki}αβ
−STr
(
iR2M9P
64π3
θα[X
k, X l][Xm, θβ]
)
{γ[iklm] + 2γ[lm]δki + 4δkiδlm}αβ
+Tr
(
iR2M9P
64π3
θγ[ki]θ θγkθ
)
,
T−− = STr (
1
4R
(X˙ i)2(X˙j)2 +
RM6P
4π2
X˙ iX˙j [X i, Xk][Xk, Xj] +
RM6P
8π2
(X˙ i)2
∑
j<k
[Xj , Xk]2
+
R3M12P
64π4
[X i, Xj][Xj , Xk][Xk, Xm][Xm, X i]− R
3M12P
64π4
∑
i<j
[X i, Xj]2
∑
k<m
[Xk, Xm]2
+O(θ2) +O(θ4)). (79)
To these components, one should now perform the T–duality for the 9 − 11 flip, followed
by the rescalings of world–sheet coordinates, background fields and coupling constants. The
final result to obtain is the explicit form of the previous components of the stress tensor,
this time in matrix string theory (with i, j 6= 9):
T++ =
1
2π
(
ℓs
R
)2 ∫
dσdτ STr (1 ) ,
T+i =
1
2π
(
ℓs
R
)∫
dσdτ STr
(
X˙i
)
,
T+9 =
1
2π
(
ℓs
R
)∫
dσdτ STr
(
gsA˙
)
,
T+− =
1
2π
∫
dσdτ STr (
1
2
X˙i
2
+
1
2
(DX i)2 +
1
2
g2sA˙
2 − 1
2g2s
∑
i<j
[X i, Xj]2
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+
1
gs
θγi[X
i, θ] + iθγ9Dθ),
T ij =
1
2π
∫
dσdτ STr (X˙iX˙j −DX iDXj − 1
g2s
[X i, Xk][Xk, Xj]
− 1
2gs
θγi[Xj , θ]− 1
2gs
θγj[Xi, θ]),
T i9 =
1
2π
∫
dσdτ STr (gsX˙iA˙ +
i
gs
[X i, Xk]DXk − i
2
θγiDθ − 1
2gs
θγ9[Xi, θ]),
T 99 =
1
2π
∫
dσdτ STr
(
g2sA˙
2 − (DXk)2 − iθγ9Dθ
)
,
T−i =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
1
2
X˙i(X˙j)
2 +
1
2
g2sX˙iA˙
2 − 1
2g2s
X˙i
∑
j<k
[Xj, Xk]2 +
1
2
X˙i(DX
j)2
− 1
g22
[X i, Xj][Xj , Xk]X˙k −DX iDXkX˙k + i[X i, Xj]DXjA˙
− 1
2gs
θαX˙k[Xj , θβ]{γkδij + γiδjk − 2γjδki}αβ − 1
2
A˙θγ9[Xi, θ] + iX˙iθγ
9Dθ
− i
2
gsA˙θγ
iDθ − i
4g2s
θα[X
k, Xj][X l, θβ]{γ[ikjl] + 2γ[jl]δki + 4δkiδjl}αβ
− 1
2gs
θαDX
k[Xj, θβ ]{γ[ik9j] + γ[9j]δki}αβ + 1
4gs
θα[X
k, Xj]Dθβ{γ[ikj9] + 2γ[j9]δki}αβ
−iDX iθDθ + i
2
(
R
ℓs
)
(θγ[ki]θ θγkθ + θγ[9i]θ θγ9θ)),
T−9 =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
1
2
gsA˙(X˙ i)
2 +
1
2
g3sA˙
3 − 1
2gs
A˙
∑
i<j
[X i, Xj]2
− i
gs
DX i[X i, Xj]X˙j − 1
2
gs(DX
i)2A˙− 1
2gs
X˙ iθγ9[X i, θ] + A˙θγi[X i, θ]
− i
2
X˙ iθγiDθ − i
4g2s
[X i, Xj]θγ[9ijk][Xk, θ] +
1
2gs
θαDX
i[Xj , θβ]{γ[ij] + 2δij}αβ
+
i
2
DX iθγ[i9]Dθ +
i
2
(
R
ℓs
)
θγ[i9]θ θγiθ),
T−− =
1
2π
(
R
ℓs
)2 ∫
dσdτ STr (
1
4
(X˙ i)2(X˙j)2 +
1
2
g2sA˙
2(X˙ i)2 +
1
4
g4sA˙
4
+
1
g2s
X˙ iX˙j[X i, Xk][Xk, Xj]− 2iX˙ iA˙[X i, Xk]DXk + 1
2
g2sA˙
2(DX i)2
+X˙ iX˙jDX iDXj +
1
2g2s
(X˙ i)2
∑
j<k
[Xj , Xk]2 − 1
2
(X˙ i)2(DXj)2 +
1
2
A˙2
∑
i<j
[X i, Xj]2
+
1
4g4s
[X i, Xj][Xj, Xk][Xk, Xm][Xm, X i] +
1
g2s
DX iDXj[X i, Xk][Xk, Xj]
− 1
4g4s
∑
i<j
[X i, Xj]2
∑
k<m
[Xk, Xm]2 +
1
2g2s
(DX i)2
∑
j<k
[Xj, Xk]2 +
1
4
(DX i)2(DXj)2
+O(θ2) +O(θ4)). (80)
37
Finally, the free string limit can be taken. The result for the conformal field theory limit of
the matrix string stress tensor is:
lim
gs→0
T++ =
1
2π
(
ℓs
R
)2 ∫
dσdτ STr (1 ) ,
lim
gs→0
T+i =
1
2π
(
ℓs
R
) ∫
dσdτ STr
(
X˙i
)
,
lim
gs→0
T+9 = 0,
lim
gs→0
T+− =
1
2π
∫
dσdτ STr
(
1
2
X˙i
2
+
1
2
(∂X i)2 + iθγ9∂θ
)
,
lim
gs→0
T ij =
1
2π
∫
dσdτ STr
(
X˙iX˙j − ∂X i∂Xj
)
,
lim
gs→0
T i9 =
1
2π
∫
dσdτ STr
(
− i
2
θγi∂θ
)
,
lim
gs→0
T 99 =
1
2π
∫
dσdτ STr
(
−(∂X i)2 − iθγ9∂θ
)
,
lim
gs→0
T−i =
1
2π
(
R
ℓs
)∫
dσdτ STr (
1
2
X˙i(X˙j)
2 +
1
2
X˙i(∂X
j)2 − ∂X i∂XkX˙k
+iX˙iθγ
9∂θ − i∂X iθ∂θ +O
(
R
ℓs
)
),
lim
gs→0
T−9 =
1
2π
(
R
ℓs
)∫
dσdτ STr
(
− i
2
X˙ iθγi∂θ +
i
2
∂X iθγ[i9]∂θ +O
(
R
ℓs
))
,
lim
gs→0
T−− =
1
2π
(
R
ℓs
)2 ∫
dσdτ STr (
1
4
(X˙ i)2(X˙j)2 + X˙ iX˙j∂X i∂Xj − 1
2
(X˙ i)2(∂Xj)2
+
1
4
(∂X i)2(∂Xj)2 +O(θ2) +O(θ4)). (81)
The next terms we look at are the zeroth moments of the components of the Matrix
membrane current. These components are:
J+ij = −iM
3
P
12π
STr
(
[X i, Xj]
)
,
J+−i = STr
(
iM3P
12π
[X i, Xj]X˙j − RM
6
P
48π2
θ[X i, θ] +
RM6P
96π2
θγ[ki][Xk, θ]
)
,
J ijk = −STr
(
iM3P
12π
X˙ i[Xj , Xk] +
iM3P
12π
X˙j [Xk, X i] +
iM3P
12π
X˙k[X i, Xj]− RM
6
P
96π2
θγ[ijkl][Xl, θ]
)
,
J−ij = STr (
iM3P
12π
X˙ iX˙k[Xk, Xj]− iM
3
P
12π
X˙jX˙k[Xk, X i]− iM
3
P
24π
(X˙k)2[X i, Xj]
−iR
2M9P
96π3
[X i, Xj]
∑
k<l
[Xk, X l]2 − iR
2M9P
48π3
[X i, Xk][Xk, X l][X l, Xj])
+
RM6P
96π2
STr
(
θαX˙k[X
m, θβ ]
)
{γ[kijm] + γ[jm]δki − γ[im]δkj + 2δjmδki − 2δimδkj}αβ
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+
iR2M9P
64π3
STr
(
θα[X
k, X l][Xm, θβ]
)
{γ[jkl]δmi − γ[ikl]δmj + 2γ[lij]δkm + 2γlδjkδim
−2γlδikδjm + 2γjδilδkm − 2γiδjlδkm}αβ
+
iR2M9P
384π3
STr
(
θγ[kij]θ θγkθ − θγ[ij]θ θθ
)
. (82)
To these components we now perform the T–duality for the 9 − 11 flip, followed by the
rescalings of world–sheet coordinates, background fields and coupling constants. One obtains
the explicit form of the previous components of the membrane current, in matrix string theory
(with i, j, k 6= 9):
J+ij =
1
2π
(
ℓs
R
)∫
dσdτ STr
(
− i
6gs
[X i, Xj]
)
,
J+i9 =
1
2π
(
ℓs
R
)∫
dσdτ STr
(
−1
6
DX i
)
,
J+−i =
1
2π
∫
dσdτ STr (
i
6gs
[X i, Xj]X˙j +
1
6
gsA˙DX
i − 1
6gs
θ[X i, θ]
+
1
12gs
θγ[ki][Xk, θ] +
i
12
θγ[9i]Dθ),
J+−9 =
1
2π
∫
dσdτ STr
(
−1
6
X˙ iDX i − i
6
θDθ +
1
12gs
θγ[i9][X i, θ]
)
,
J ijk =
1
2π
∫
dσdτ STr (− i
6gs
X˙ i[Xj, Xk]− i
6gs
X˙j[Xk, X i]− i
6gs
X˙k[X i, Xj]
+
1
12gs
θγ[ijkl][Xl, θ] +
i
12
θγ[ijk9]Dθ),
J ij9 =
1
2π
∫
dσdτ STr
(
−1
6
X˙ iDXj +
1
6
X˙jDX i − i
6
A˙[X i, Xj] +
1
12gs
θγ[ij9l][Xl, θ]
)
,
J−ij =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
i
6gs
X˙ iX˙k[Xk, Xj]− i
6gs
X˙jX˙k[Xk, X i]− gs
6
A˙X˙ iDXj
+
gs
6
A˙X˙jDX i − i
12gs
(X˙k)2[X i, Xj]− i
12
gsA˙
2[X i, Xj]− i
12g3s
[X i, Xj]
∑
k<l
[Xk, X l]2
+
i
12gs
[X i, Xj](DXk)2 − i
6g3s
[X i, Xk][Xk, X l][X l, Xj]− i
6gs
DX iDXk[Xk, Xj]
+
i
6gs
DXjDXk[Xk, X i] +
1
12gs
θαX˙k[X
m, θβ]{γ[kijm] + γ[jm]δki − γ[im]δkj
+2δjmδki − 2δimδkj}αβ
+
1
12
A˙θγ[9ijm][Xm, θ] +
i
12
θαX˙kDθβ{γ[kij9] + γ[j9]δki − γ[i9]δkj}αβ
+
i
4g2s
θα[X
k, X l][Xm, θβ]{γ[jkl]δmi − γ[ikl]δmj + 2γ[lij]δkm + 2γlδjkδim
−2γlδikδjm + 2γjδilδkm − 2γiδjlδkm}αβ
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+
1
2gs
θαDX
k[Xm, θβ]{γ[jk9]δmi − γ[ik9]δmj + γ[9ij]δkm + γ9δjkδim − γ9δikδjm}αβ
− i
2
θαDX
lDθβ{γ[lij] + γjδil − γiδjl}αβ
+
i
12
(
R
ℓs
) (
θγ[kij]θ θγkθ + θγ[9ij]θ θγ9θ − θγ[ij]θ θθ
)
),
J−i9 =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
1
6
X˙ iX˙kDXk − i
6
A˙X˙k[Xk, X i] +
1
12
g2sA˙
2DX i
− 1
12
(X˙k)2DX i − 1
12g2s
DX i
∑
k<l
[Xk, X l]2 − 1
12
DX i(DXk)2
− 1
6g2s
[X i, Xk][Xk, X l]DX l +
1
12gs
θαX˙k[X
m, θβ]{γ[ki9m] + γ[9m]δki}αβ
− 1
12
A˙θα[X
m, θβ]{γ[im] + 2δim}αβ + i
6
X˙ iθDθ − i
12
A˙θγ[i9]Dθ
+
i
4g2s
θα[X
k, X l][Xm, θβ]{γ[9kl]δmi + 2γ[li9]δkm + 2γ9δilδkm}αβ
− 1
2gs
DXkθγk[X i, θ]− 1
2gs
DXkθγi[Xk, θ]
+
i
4gs
θα[X
k, X l]Dθβ{γ[ikl] + 2γlδik}αβ − iDX iθγ9Dθ
+
i
12
(
R
ℓs
) (
θγ[ki9]θ θγkθ − θγ[i9]θ θθ
)
). (83)
The free string limit can now be taken. The result for the conformal field theory limit of the
matrix string membrane current is:
lim
gs→0
J+ij = 0,
lim
gs→0
J+i9 =
1
2π
(
ℓs
R
)∫
dσdτ STr
(
−1
6
∂X i
)
,
lim
gs→0
J+−i =
1
2π
∫
dσdτ STr
(
i
12
θγ[9i]∂θ
)
,
lim
gs→0
J+−9 =
1
2π
∫
dσdτ STr
(
−1
6
X˙ i∂X i − i
6
θ∂θ
)
,
lim
gs→0
J ijk =
1
2π
∫
dσdτ STr
(
i
12
θγ[ijk9]∂θ
)
,
lim
gs→0
J ij9 =
1
2π
∫
dσdτ STr
(
−1
6
X˙ i∂Xj +
1
6
X˙j∂X i
)
,
lim
gs→0
J−ij =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
i
12
θαX˙k∂θβ{γ[kij9] + γ[j9]δki − γ[i9]δkj}αβ
− i
2
θα∂X
l∂θβ{γ[lij] + γjδil − γiδjl}αβ +O
(
R
ℓs
)
),
lim
gs→0
J−i9 =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
1
6
X˙ iX˙k∂Xk − 1
12
(X˙k)2∂X i − 1
12
∂X i(∂Xk)2
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+
i
6
X˙ iθ∂θ − i∂X iθγ9∂θ +O
(
R
ℓs
)
). (84)
Next, we look at the zeroth moments of the components of the Matrix 5–brane current.
Explicitly, these components are:
M+−ijkl = STr (−RM
6
P
48π2
[X i, Xj][Xk, X l]− RM
6
P
48π2
[X i, Xk][X l, Xj]
−RM
6
P
48π2
[X i, X l][Xj, Xk] +
RM6P
48π2
θγ[jkl[X i], θ]),
M−ijklm = STr (−5RM
6
P
16π2
X˙ [i[Xj, Xk][X l, Xm]]− 5RM
6
P
48π2
θX˙ [iγjkl[Xm], θ]
−5iR
2M9P
192π3
θ[X [i, Xj ]γklm]γn[Xn, θ]). (85)
To these components one now performs the T–duality for the 9 − 11 flip, followed by the
rescalings of world–sheet coordinates, background fields and coupling constants. We then
obtain the explicit form of the previous components of the matrix string theory 5–brane
current (with i, j, k, l,m 6= 9):
M+−ijkl =
1
2π
∫
dσdτ STr (− 1
12g2s
[X i, Xj][Xk, X l]− 1
12g2s
[X i, Xk][X l, Xj]
− 1
12g2s
[X i, X l][Xj , Xk] +
1
6gs
θγ[jkl[X i], θ]),
M+−ijk9 =
1
2π
∫
dσdτ STr (
i
2gs
DXk[X i, Xj]− i
2gs
DXj[X i, Xk] +
i
2gs
DX i[Xj , Xk]
+
i
6
θγ[ikj]Dθ − 1
6gs
(
θγ9[kj[X i], θ] + θγ[i|9|j[Xk], θ] + θγ[ik|9|[Xj], θ]
)
),
M−ijklm =
1
2π
(
R
ℓs
) ∫
dσdτ STr (− 5
4g2s
X˙ [i[Xj , Xk][X l, Xm]]− 5
6gs
θX˙ [iγjkl[Xm], θ]
− 5i
12g2s
θ[X [i, Xj]γklm]γn[Xn, θ] +
5
12gs
θ[X [i, Xj]γklm]γ9Dθ),
M−ijkl9 =
1
2π
(
R
ℓs
) ∫
dσdτ STr (
5i
gs
X˙ [i[Xj, Xk]DX l] +
5
4gs
A˙[X [i, Xj][X l, Xk]]
−5i
6
θX˙ [iγjkl]Dθ +
5
6
A˙θγ[ijl[Xk], θ] +
5
2gs
θX˙ [iγ|9|kl[Xj], θ]
− 5i
4g2s
θ[X [i, Xj]γkl]9γn[Xn, θ] +
5
4gs
θ[X [i, Xj]γkl]9γ9Dθ
− 5
6gs
θDX [iγjlk]γn[Xn, θ]− 5i
6
θDX [iγjlk]γ9Dθ). (86)
One can now take the free string limit. The result for the conformal field theory limit of the
matrix string 5–brane current is:
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lim
gs→0
M+−ijkl = 0,
lim
gs→0
M+−ijk9 =
1
2π
∫
dσdτ STr
(
i
6
θγ[ikj]∂θ
)
,
lim
gs→0
M−ijklm = 0,
lim
gs→0
M−ijkl9 =
1
2π
(
R
ℓs
)∫
dσdτ STr
(
−5i
6
θX˙ [iγjkl]∂θ − 5i
6
θ∂X [iγjlk]γ9∂θ
)
. (87)
Finally, we look at are the zeroth moments of the components of the Matrix 6–brane
current (related to nontrivial 11–dimensional background metrics), which are given explicitly
by:
S+ijklmn = −iR
2M9P
8π3
STr
(
[X [i, Xj][Xk, X l][Xm, Xn]]
)
,
Sijklmnp = STr
(
−7iR
2M9P
8π3
[X [i, Xj][Xk, X l][Xm, Xn]X˙p] +O(θ2, θ4)
)
. (88)
To these components we now perform T–duality for the 9 − 11 flip, followed by the rescal-
ings of world–sheet coordinates, background fields and coupling constants. We obtain the
explicit form of the previous components of the matrix string theory 6–brane current (with
i, j, k, l,m, n 6= 9):
S+ijklmn =
1
2π
(
R
ℓs
) ∫
dσdτ STr
(
− i
g3s
[X [i, Xj][Xk, X l][Xm, Xn]]
)
,
S+ijklm9 =
1
2π
(
R
ℓs
) ∫
dσdτ STr
(
− 6
g2s
[X [i, Xj][Xk, X l]DXm]
)
,
Sijklmnp =
1
2π
(
R
ℓs
)2 ∫
dσdτ STr
(
−7i
g3s
[X [i, Xj][Xk, X l][Xm, Xn]X˙p] +O(θ2, θ4)
)
,
Sijklmn9 =
1
2π
(
R
ℓs
)2 ∫
dσdτ STr (−7i
g2s
[X [i, Xj][Xk, X l][Xm, Xn]]A˙
−42
g2s
DX [j][Xk, X l][Xm, Xn]]X˙ i] +O(θ2, θ4)). (89)
One can now take the free string limit. The result for the conformal field theory limit of the
matrix string 6–brane current is:
lim
gs→0
S+ijklmn = 0,
lim
gs→0
S+ijklm9 = 0,
lim
gs→0
Sijklmnp = 0,
lim
gs→0
Sijklmn9 = 0. (90)
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